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Abstract

This thesis explores the feasibility of implementing quantum finite automata (QFA), the
quantum analogue of classical finite state automata (FSA), in software, using commer-
cially available quantum computing platforms. Two theoretical studies proposed by Say
& Yakaryılmaz, [2] and one hardware experiment conducted by Tian et al. [3] were
successfully implemented across four quantum software platforms: Xanadu Strawberry
Fields, IBM Qiskit, Rigetti Forest, and Cirq. The first study addressed the EVENODD
problem and showed that QFA can solve certain promise problems using constant (O(1))
state when the problem classically required state that grew linearly (O(n)) with the prob-
lem size. The second study involved the NEQ language recognition problem and showed
experimentally that QFA could recognise certain non-regular languages, something FSA
are fundamentally unable to do. The final study showed that QFA could classify input
based on divisibility using constant (O(1)) state. When run on general-purpose quantum
computers, each study suffered to some degree from the impacts of noise. This noise
effect was most pronounced in the third study, where in certain configurations over 50%
of experimental runs resulted in an invalid terminal state. These effects are expected to
be mitigated to some degree by future advances in the underlying hardware and quantum
error correction, but in the near term the effect makes it appear that multi-qubit QFA
are unsuitable for some use cases. Despite this, single-qubit systems were shown to be
relatively noise-tolerant and the relative ease with which QFA were implemented suggests
that the utility of developing other quantum abstractions based on classical analogues
can now also be easily explored experimentally.
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Chapter 1

Introduction

The potential of computers built upon quantum phenomena has interested researchers
since at least the late nineteen eighties, when Richard Feynman wondered if they might
pose the solution to problems faced in simulating highly complex natural systems [4]. Since
then, researchers the world over have made incredible progress towards implementing
functional, general-purpose quantum computers. What has been lacking is a definitive
understanding of how we can harness this power to solve real-world problems. While there
have been several notable discoveries in specific fields like search (Grover’s algorithm [5])
and prime factorisation (Shor’s algorithm [6]), we still lack the fundamental abstractive
tools required to use quantum computers as general-purpose problem solving machines,
or at the very least direct our efforts towards the kinds of problems they may be best
suited to solve.

One avenue of research into harnessing the power of these new devices has been
examining whether the abstractions used to solve problems on classical computers have
quantum analogues that might prove effective. One particularly powerful abstraction,
the finite state automata (FSA), caught the attention of researchers well before quantum
hardware was advanced enough to test their hypotheses. Work by Freivalds in the late
1990s [7], [8], later built on by Kondacs and J. Watrous [9], and Say & Yakaryılmaz
[2], among others, culminated in a 2014 paper Quantum finite automata: A modern
introduction in which Say & Yakaryılmaz presented five theoretical examples of ways in
which quantum finite state automata (QFA) might outperform their classical equivalents
[2]. Alas, ready access to quantum computing hardware was still not available at that
time to test these hypotheses experimentally.

With the advent of general purpose quantum computers accessible to the public via
internet-enabled application programming interfaces (APIs) and a wealth of quantum
software development kits (SDKs) made available by companies like IBM [10], Rigetti
[11], Xanadu [12], [13] and others, it is now more than feasible to test theories like these.

This thesis explores the implementation of two of the experiments proposed by Say
& Yakaryılmaz: the EVENODD promise problem, purported to demonstrate the power
of QFA in reducing the amount of state required to solve some problems; and the NEQ

10



CHAPTER 1. INTRODUCTION 11

language recognition problem, which demonstrates their ability to recognise languages
that classical finite state automata are fundamentally unable to recognise [2], [14]. In an
effort to explore a more sophisticated example, a hardware experiment conducted in 2019
by Tian et al. [3] was also replicated in software. This latter experiment addressed the
“prime remainder” problem, where input is assessed and classified based on divisibility.

Each of these three experiments were implemented across four different quantum
software platforms. Simulated results were gathered and examined across all platforms
and, where possible, the experiments were also run on actual general purpose quantum
computers.



Chapter 2

Background

2.1 Finite State Automata
Finite State Automata (FSA) are a specific subclass of Turing machine used to represent
a system of possible states where movement between states is determined by input. [15]

As an abstraction on top of classical computing capability, FSA have proven to be
incredibly powerful tools. They are able to perform all sorts of tasks, from the simple:
determining whether the length of a sequence of characters is even; to the complex: playing
a vital role in automatic speech recognition [16].

Figure 2.1: Deterministic Finite Automaton for the Detection of ‘00’ in a Binary Sequence
[17]

These studies focuses solely on the deterministic and non-deterministic forms of FSA,
rather than the more general probabilistic variety that forms a superset of classical non-
deterministic automata. Figure 2.1 shows a type of FSA called a Deterministic Finite
Automata (DFA) for detecting the sequence ‘00’ in a binary string [17]. Each circle
represents a state, and states surrounded by two circles are acceptance states. When an
FSA terminates in an acceptance state, the input is considered to have been accepted,
termination in any other state indicates rejection. The arrows between states represent
transitions achieved by consuming input that matches that arrow’s label (here, either zero
or one). The unlabeled arrow entering state q0 represents the start of the process. Taking
the string ‘01001’ as our input, we can follow the operation of the DFA:

12
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• The automaton starts its process starts at q0

• The first character, 0, is consumed. The automaton moves to q1.

• The second character, 1, is consumed. The automaton moves to q0.

• The third character, 0, is consumed. The automaton moves to q1.

• The fourth character, 0, is consumed. The automaton moves to q2, the accepting
state.

• The fifth character, 1, is consumed. The automaton does not move from q2.

• There is no more input to consume, the automaton completes in an ‘accepting’
state.

Thus, we can be certain that the string meets the criteria defined by the automaton.
This kind of pattern-matching problem is common in computer science (and many other
fields), and the use of FSA to solve them is equally prevalent. Most examples, however,
are far more complex and rely on additional features like non-determinism (where state
transitions can be made at any point without consuming an input), and typically involve
many more states than the trivial example above [15]. This potential for massive re-
liance on state represents both a limitation of classical FSA and an opportunity for the
introduction of alternative solutions.

Formally, FSA are defined by a tuple containing five elements. The previous example,
now called G, would be represented by the tuple (Q,Σ, δ, q0, F ) [15]. The elements of the
tuple, and their meaning with respect to G, are as follows:

• Q: the finite set of all states in the FSA ({ q0, q1, q2 }).

• Σ: the finite set known as the alphabet of accepted characters (i.e. { 0, 1 }).

• δ: the transition functions from each stateQ×Σ → Q ({ q0 × 1 → qo, q0 × 0 → q1 ... }).

• q0: the starting state (q0)

• F : the set of accepting states ({ q2 }). [15]

This notation will be used throughout these studies when formal rigour is required in
defining various finite state automata.

2.1.1 Introducing Non-Determinism and the NFA
The automaton described above is an example of a deterministic finite state automaton.
There also exist other types of FSA that are non-deterministic. Non-deterministic Fi-
nite Automata (NFA) are a superset of their deterministic counterparts, using the same
formalism, but introduce new behaviour, notably:
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• The ability to ”split” and follow two paths on consumption of input. If any of the
paths of execution result in completion while in an accepting state, the input is
considered accepted.

• The ability to consume the empty string ”ϵ” (i.e. move to a new state without
consuming the next character of the input). [15]

These new behaviours appear to significantly increase the power of the FSA to solve
interesting problems. It has been extensively proven, however, that for every NFA there
exists an equivalent deterministic FSA [15]. Despite this, NFA serve a valuable abstractive
role when solving problem with automata. Both deterministic and non-deterministic FSA
have quantum computing counterparts that provide even greater possibilities [3], [9].

2.2 Quantum Computing and the New State of State
The concept of quantum computing was popularised by Richard Feynman in his 1982
paper Simulating Physics with Computers [4] as a solution to the problems posed by
trying to simulate the exponential complexity of physical systems using limited classical
hardware [18]. Several decades later, we are seeing real progress towards the realisation
of Feynman’s dream. Universities and private corporations all over the world are demon-
strating experimental quantum computers based on various architectures, from ion traps
and superconducting circuits, to monolithic diamonds and linear optics [19].

2.2.1 The Qubit
The common theme amongst these various implementations is their reliance on the fun-
damental unit of quantum computing, the qubit. Qubits, like their classical counterparts,
bits, have state. However, unlike classical bits, which can exist exclusively in one of two
states (0 or 1), qubits can, in addition to taking the states |0⟩ or |1⟩ (analogous to those
two classical states), take additional states comprised of linear combinations of those two
classical states [20], in the form:

|ϕ⟩ = α |0⟩+ β |1⟩ (2.1)

Where α and β are complex numbers. This form, known as Dirac notation, allows us
to represent any possible state the qubit may take. Another way of representing this new,
enhanced form of state is using a Bloch sphere. A Bloch sphere, depicted in Figure 2.2,
takes the same information about a qubit’s state and represents it as a three-dimensional
unit vector [20]. Both formats convey the same information, but one or the other may be
better suited to various uses (e.g. conceptualising the application of transformations). In
this form, the various states available to the qubit can be envisaged as each position the
unit vector in the middle of the sphere can take on the sphere’s surface. The direction of
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the unit vector in this case can be summarised as the combination of two angles θ and ϕ

such that α = cos( θ
2
) and β = eiϕsin( θ

2
) [20].

Figure 2.2: The Bloch Sphere Representation of a Qubit [21]

The final way qubit state is commonly described is using vectors [20]. For instance,
a qubit in the state |1⟩ can be represented with the following column vector:

|1⟩ ≡ 0 |0⟩+ 1 |1⟩ ≡

[
0

1

]
(2.2)

Or, more generically:

|ψ⟩ ≡ α |0⟩+ β |1⟩ ≡

[
α

β

]
(2.3)

2.2.2 Manipulating Qubits
The state of a qubit can be modified by applying physical transformations to its ‘spin’.
In the abstract, this takes the form of applying ‘unitary’ matrix operations to the matrix
representing the qubit’s state. These unitary operations, while changing the direction of
the vector, do not change its magnitude from 1. The result of these operations can be
envisaged as the unit vector changing its position on the surface of the Bloch sphere [3].
Consider, for example, a qubit in state |0⟩ and the application of the unitary operation
X = ( 0 1

1 0 ):

X |0⟩ =

(
0 1

1 0

)(
1

0

)
=

(
0

1

)
(2.4)

The effect of this operation can be seen in Figure 2.3:
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Figure 2.3: |0⟩ Before (Left) and After (Right) the Application of a Pauli-X Transforma-
tion [10]

An infinite number of such matrices exist, allowing for the transformation of a qubit’s
state such that its unit vector could point to any point on the surface of the Bloch sphere.
The implied suggestion of practically infinite state is intriguing, but ultimately misleading,
as there are various other properties of qubits that limit their potential in this regard. The
first and most important of these is the tendency of qubits to ‘collapse’ upon inspection,
whereby upon measurement, only values of zero or one are actually observed, with the
respective probabilities |α|2 and |β|2 [20]. This being the case, numerous iterations of
the same experiment are required to confirm that the experimental findings match the
theoretical probabilities; naturally, the more experiments that are conducted, the more
accurate the resulting distributions.

2.3 Quantum Finite Automata
There has been significant interest in combining the powerful pattern-recognition capa-
bilities of finite state automata and the potential that quantum computing offers for some
time [9]. What has been lacking is adequate hardware (or simulators) to test and develop
upon this interest. As such, much of the formalism around what constitutes a quantum
finite state automaton has already been established, and is largely similar to its classical
counterparts.

2.4 Proposed Advantages of QFA
While it is acknowledged the fact that qubits are not a gateway to costless, essentially
unlimited state, they do present opportunities to take advantage of a reduced need for
additional state in some specific cases. This reduction in required state, which has less
apparent value in more trivial examples, has already provided O(1) space solutions to
what formerly would have required O(n) space under classical conditions [3]. This kind
of problem, when dealing with a large n, or running thousands or millions of instances of



CHAPTER 2. BACKGROUND 17

the same program, could drastically reduce state (memory) requirements, and therefore
cost, in the long term. Applications have also been identified in problems where classical
deterministic and non-deterministic FSA are unable to produce a result but QFA can,
like in the recognition of nonregular languages [2].

2.5 Quantum Software Platforms
In order to provide a concrete implementation of software-level quantum finite state au-
tomata, it will be necessary to build off existing abstractions on quantum hardware.
Thankfully, various quantum software platforms already exist [19]. This section will out-
line the various ways in which they abstract on quantum hardware to provide an interface
to the user.

2.5.1 Quantum Gates
In a similar fashion to early imperative programs, or the more recent functional paradigm,
programs in quantum computing typically take the format of successive applications of
various primitive operations, or the application of more complicated functions. Given the
somewhat primitive level of abstraction currently employed (compared to classical soft-
ware), the analogy of electric (or quantum) circuits has been employed to allow researchers
to visualise the process qubits undergo as they progress through a circuit. These circuits
consist of an input state, various standard or custom ”gates”, and typically one or more
measurement operations (keeping in mind the unique effect of measurement on quantum
systems). The example in Figure 2.4 shows a simple quantum circuit consisting of two
standard gates, the Pauli-X gate (analogous to a classical NOT gate) and a Hadamard
gate (equivalent to a rotation of π about the Z-axis and π

2
about the Y-axis of the Bloch

sphere) [20]. The final element in the circuit is a measurement of the state of the qubit,
where, due to the effect of the Hadamard gate, we would expect to see a roughly equal
distribution of 0 and 1 results over multiple attempts.

|0⟩ X H

Figure 2.4: A Simple Quantum Circuit Featuring a Pauli-X Gate and a Hadamard Gate

2.5.2 Programming Quantum Computers
While some software platforms like IBM Qiskit [10] provide interactive circuit simulators,
it quickly becomes tedious to develop circuits, particularly those involving loops, or mix-
ing classical and quantum behaviour. As such, the default experiment design workflow
typically utilises either a dedicated quantum programming language (e.g. Q# [22]) or
a quantum computing package built into an existing language like Python (e.g. IBM
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Qiskit [10], Rigetti PyQuil [23]). In these languages, gates are normally exposed to the
user through an object-based API, which allows for far more complicated (and portable)
experiments to be conducted [24]. For example, the previously system-specific circuit sim-
ulation depicted in Figure 2.4 is represented in a far more portable format (using IBM’s
qiskit package for Python 3) in Listing 2.1.

1 # Import r equ i r ed Python Modules
2 from q i s k i t import QuantumCircuit , execute , Aer , IBMQ
3 from q i s k i t . compi le r import t r an sp i l e , assemble
4

5 c i r c u i t = QuantumCircuit (1 ) # Es tab l i sh a quantum c i r c u i t with 1 qubit
6 backend = Aer . get_backend ( ’ s t a t evec to r_s imu la to r ’ ) # Prepare a s imu la tor
7 c i r c u i t . x (0 ) # Add a Pauli -X (NOT) gate to the f i r s t qubit ’ s path
8 c i r c u i t . h (0 ) # Add a Hadamard gate to the f i r s t qubit ’ s path
9

10 job = execute ( c i r c u i t , backend ) # Run the s imu la t i on
11 r e s u l t = job . r e s u l t ( ) # Get the s imu la t i on r e s u l t s
12 output s ta te = r e s u l t . g e t_s ta t evec to r ( c i r c u i t , dec imals=3) # Extract the

s t a t e vec to r from the r e s u l t
13 pr in t ( output s ta te )

Listing 2.1: A Simple Quantum Program in Python

2.5.3 Quantum Programming Platforms & General Tools
Quantum Hardware Implementations

While there are a vast array of paradigms to choose from when it comes to general pur-
pose quantum computing hardware (photonics, quantum dot, ion trap, superconducting
qubits... [25]), the platforms utilised for these studies fall into two categories: those that
utilise photonics based systems, and those based around the concept of superconducting
qubits.

Photonics-based - or linear optical - quantum computing, takes the photon, the
elementary light particle, and uses its polarisation as a store of quantum state. Photons
are emitted and sent along various optical channels, with various gates (beam splitters,
wave plates, phase shifters) designed to impact their polarisation [3], [25]. These photons
are then picked up by photon detectors, where their detection (or lack thereof) informs
the experimenter about the state of the photon [25].

Superconducting qubits are considered one of the most promising technological im-
plementations of general purpose quantum computers [26]. Their implementations vary
substantially between their many variants and hybrid variants but operations are typically
effected via microwave irradiation on a pair of electrons known as a Cooper pair [26], [27].

The primary goal of this work is to show that quantum finite state automata can be
implemented in software, so the underlying hardware is of little concern unless it impacts
the functionality (e.g. gates) available at the software level.
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Quantum Platforms

Each study has been implemented across all four of the following platforms. Each platform
is implemented as a Python library:

• Strawberry Fields: the only photonics-based platform used in these studies Straw-
berry Fields is a quantum computing platform provided by Xanadu [12], [13].
Hardware was reasonably accessible, but was complicated by the type of studies
conducted (see Section 3.5).

• Qiskit: IBM’s Qiskit SDK and “Quantum Experience” platform is based around
superconducting qubits and proved to be the most accessible [10]. Their network
of general-purpose quantum computers around the globe and the ability to submit
jobs to them via API proved invaluable in assessing the impact of noise.

• Forest: Rigetti’s Forest platform is also based around a superconducting qubit
architecture, it was noticeably the only to require a compiler and virtual machine
to be running as servers on the local machine [11]. Access to Rigetti hardware was
limited (see Section 3.7.1).

• Cirq: an unofficial Google project, Cirq is run as an open-source project hosted on
GitHub. Based on a superconducting qubit paradigm, Cirq offers a full complement
of standard gates and is the only one of the four platforms to natively support qudits
(qubits with other than two basis states). Access to compatible Google hardware is
restricted and requires the sponsorship of a Google employee [28].



Chapter 3

Study 1: State Reduction

This first study centres around an experiment theorised by Say & Yakaryılmaz [2] which
was designed to demonstrate the superiority of a quantum finite automata in terms of
the amount of state required to solve a particular variety of promise problem. This ex-
periment, one of five presented in their 2014 paper published in Computing with New
Resources, purports to show that the EVENODD promise problem is a candidate for ex-
pressing this experimentally. The aim of this study is to not only implement the experi-
ment as theorised, for the first, time to my knowledge, but to do so in software and across
all four quantum platforms outlined in Section 2.5.3.

3.1 The Importance of State Reduction
One of the biggest limitations of classical computers is their finite resources. Even mas-
sive, auto-scaling computer clusters operated by the likes of Google and Amazon have a
tangible upper limit on capacity. These limits typically fall into one of two categories:
computational constraints (compute) and memory constraints (space). Developments in
computer science have led to a variety of optimisations in each of these areas designed to
make more efficient use of available resources, but these optimisations are generally limited
to particular domains. For example, a computation optimisation in the sorting was the
development of the Quicksort algorithm [29], capable of sorting n elements in O(nlogn)

time (on average). From a space optimisation perspective, the concept of delayed or ‘lazy’
evaluation (while also a computation improvement), means that storing the (potentially
large number of) computed values is delayed until those values are actually needed for
execution. This is typified by the Python programming language’s ‘generator’ objects [30].

Quantum computers have been theorised to have something similar to offer in terms
of domain-specific optimisations [2]. Specifically, for certain kinds of promise or pattern
matching problems, unique aspects of how quantum computers function can be utilised to
solve existing problems in novel ways using less state. The practical impact of this, while
not truly demonstrated in the smaller scoped examples provided by Say & Yakaryılmaz,

20
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Figure 3.1: State Growth with n

can most clearly be demonstrated when expanded to larger scale problems. The impact
of a reduction from requiring O(2n) space to constant (O(1)) space is visualised in Figure
3.1.

3.2 The Compute/Space Trade-off
The optimisations outlined in Section 3.1 do not come without cost. Because of the prob-
abilistic nature of quantum computers, each experiment needs to be run several times
(potentially thousands) in order to establish stable and accurate results. These ’runs’, or
’shots’, involve running the full experiment and determining a projection of the state of
the qubits in the system. Each shot’s results are aggregated into a frequency distribution
showing how likely the system was to collapse into any given state.

This results in a trade-off between use of additional computational resources (required
to achieve the desired level of accuracy) in exchange for a decrease in state typically
measured in orders of magnitude. This compromise can be thought of as analogous to
the reverse situation of ’caching’ in classical computing, where additional space is utilised
to store commonly accessed values, typically increasing the speed of computation. In
using quantum computers to achieve space supremacy, we can theoretically reduce space
requirements from O(n) or even O(2n) to O(1), or constant space (i.e. a constant number
of qubits).
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3.3 The EVENODD Promise Problem
The EVENODD promise problem was first proposed by Say & Yakaryılmaz in 2014 and
later expanded on by Geffert and Yakaryılmaz [31] describes the following situation:

EV ENODDk
accept = {aj2k |j is a non-negative even integer}

EV ENODDk
reject = {aj2k |j is a non-negative odd integer}

This set of conditions describes two distinct sets of strings for each variation of k, an
integer. All strings in both sets consist solely of a characters, varying only in length. The
first set (EV ENODDk

accept) contains strings of a length j2k where j is even, the second
set contains all those strings where j is odd. Strings of all other lengths are ignored. To
solve the EVENODD problem with an automata, it must accept all strings in the first set
with probability of one and accept all in the second with a probability of zero. [2]

Solving this problem with a classical automata would would require at least 2k+1

states, indicating that as the problem-defining variable k increases, it results in an expo-
nential increase in the amount of required state. [2]

3.4 Implementing EVENODD in Quantum Software
To solve the EVENODD problem using a quantum finite automata, Say & Yakaryılmaz [2]
propose using a single 2-state qubit system where, upon consumption of each block of 2k

a characters, it makes a rotation of θ about the y-axis of the Bloch sphere (depicted in
Figure 3.2).

Figure 3.2: θ Bi-Directional Rotation Around the Y-Axis [2]

The value of θ is derived, based on the value of k that defines the particular instance
of EVENODD:
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θ =
π

2k+1
[2]

This choice of rotational angle exploits the mathematical fact that when θ is a rational
product of π then the rotational unitary function:

Uθ =

(
cos θ −sin θ
sin θ cos θ

)
is periodic and will return to its starting location after a finite number of rotations

around the y-axis of the Bloch sphere. [2]. Say & Yakaryılmaz use this mechanic repeat-
edly to solve a variety of similar problems.

In the QFA solution to the EVENODD problem specifically, on consumption of each a
a rotation θ is made. Each set of 2k rotations sum to a total rotation of π

2
. Because each

EVENODD language is only defined for length multiples of 2k, the rotations must conclude
at one of the four positions outlined in Figure 3.2: |q2⟩, − |q1⟩, − |q2⟩, or − |q1⟩ (rotations
of π

2
, π, 3π

2
, or 2π, respectively). In fact, by doubling the size of θ we can ensure that

rotations cease on only |q1⟩ or |q2⟩, which are analogous to our single qubit’s |0⟩ and |1⟩
states, respectively, with |0⟩ as our single accepting state. This fulfils the requirements
for what Say & Yakaryılmaz call a ”succinct exact solution of promise problems,” where
there is no ambiguity or chance of error from the algorithm (this does not factor in error
introduced by other sources, e.g. hardware noise) [2].

To effect this solution on the various software platforms it was necessary to find
ways to perform repeated rotations about the y-axis and measure the resulting state
of the single-qubit system. An execution harness was developed that was responsible
for running each implementation over the same set of inputs, collecting the results and
producing the frequency distribution plots. This code, along with a common function
for deriving θ was packaged into a utilities module and is available in Appendix A. This
harness takes a single parameter: a function to execute that returns a list of normalised
frequencies corresponding to the measured (collapsed) basis states |0⟩ and |1⟩. That
function, typically passed partially evaluated with the parameter simulation populated
takes the following parameters:

• k: the integer value defining the variant of the EVENODD language.

• j: the integer variable, with k, that determines the length of the test string.

• simulation: a Boolean value that determines whether the experiment will be run on
quantum hardware (if available), when false , or as a simulation, when true.

• shots: the number of times to repeat the same experiment (typically 4096).
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For each platform, an implementation of this function, named run_experiment was required
and injected into the execution harness. These implementations would be responsible for
setting up the quantum environment and its initial state, applying the θ rotations about
the y-axis, as well as measuring and reporting the resulting state of system.

3.5 Implementation 1: Strawberry Fields
The first system on which the EVENODD problem was implemented was Xanadu’s Straw-
berry Fields. This photonics-based system is the most unique amongst the four platforms.
Using two modes (or channels) a simple Strawberry Fields program was instantiated:

1 program = s f . Program (2)
2 eng ine = s f . Engine ( ” fock ” , backend_options={” cutoff_dim” : 2})

It was necessary to construct the input string and derive a value for θ using the
provided parameters and the common library provided in Appendix A:

1 input_str ing = ”a” * ( j * 2) ** k
2 theta = get_theta (k )

While not strictly necessary, the decision was made to replicate the string and con-
sume it character by character so as to most closely match the behaviour of a QFA under
operational constraints. With theta and the input string available, the preparation of
the circuit could begin in earnest. Using Strawberry Fields’ unique implementation of a
Python run-time context the two channels were instantiated, the first with a Fock(1) com-
mand (releases a single photon in the channel) and the second with a Vacuum() command
(releasing no photons). The use of two channels was required because Strawberry fields,
operating on the photonic implementation paradigm, does not natively support the y-axis
rotation mechanism required to implement the circuit. Instead, a photonics-native gate,
the BSgate, was utilised for the same purpose. The BSgate, or beam splitter gate, places
any entering photon in a superposition across two channels. It takes a single parameter
θ, which determines the likelihood of the photon, on measurement, being being detected
in either channel. This effect is analogous to the operation of simple y-axis rotation gates
found on other platforms. Still in the Strawberry fields program context, this BSgate
is passed the parameter theta and applied across the two channels one time for every
character in the input_string:

1 with program . context as q :
2 Fock (1 ) | q [ 0 ]
3 Vacuum( ) | q [ 1 ]
4

5 f o r _ in input_str ing :
6 BSgate ( theta ) | ( q [ 0 ] , q [ 1 ] )

Finally the completed program is run using the engine defined above and the prob-
abilities are extracted and normalised:
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1 r e s u l t = engine . run ( program , shot s=shot s )
2 s t a t e = r e s u l t . s t a t e
3 f r e q s = [ round ( abs ( s t a t e . mean_photon (0 ) [ 0 ] ) , 4) ,
4 round ( abs ( s t a t e . mean_photon (1 ) [ 0 ] ) , 4) ]

The full implementation of this solution can be found in Appendix B.

3.5.1 Results
Due to present limitations of the hardware available from Xanadu for use with quantum
circuits designed in Strawberry Fields, it was not possible to run this circuit on an actual
(non-simulated) quantum computer. As such, only simulated results have been provided.
Discussions with Xanadu staff indicated that the hardware was simply not capable of
releasing individual photons in the manner required by the experiment, and it was not
possible to refactor the experiment to suit the available hardware. It remains to be seen
whether future developments in Xanadu hardware will alleviate this impediment as the
changes required were described as ”not currently on their roadmap.”

Simulated Results

Figure 3.3: Simulated Results of EVENODD in Strawberry Fields

Figure 3.3 shows the results of running the described circuit 4096 times using the Straw-
berry Fields Fock simulator. It can be observed that even inputs for the parameter j
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result in simulations concluding in the |0⟩ accepting state with 100% frequency, while
odd j inputs always result in termination in the |1⟩ (rejecting) state. This aligns with the
prediction of Say & Yakaryılmaz [2] but, being a simulation, does not take into account
noise introduced by actual quantum hardware.

3.6 Implementation 2: IBM Qiskit
The second implementation of the EVENODD problem was created using IBM’s Qiskit
platform. Based around a superconducting qubit paradigm rather than photonics, this
system uses the concept of circuits, which need to be instantiated with arguments defining
how many qubits and how many classical registers are required. These classical registers
can be used to store the classical value obtained from measuring one of the qubits. In
this instance, only one qubit and one classical bit are required:

1 c i r c u i t = QuantumCircuit (1 , 1)
2 i f s imu la t i on :
3 backend = Aer . get_backend ( ’ qasm_simulator ’ )
4 e l s e :
5 prov ide r = IBMQ. get_provider ( group=’ open ’ , p r o j e c t=’main ’ )
6 backend = prov ide r . get_backend ( ’ ibmq_16_melbourne ’ )

Because Qiskit supports access to actual quantum hardware it was necessary to be able
to dynamically select the back end based on whether the execution was being conducted
as a simulation. Here this resulted in a choice between Qiskit’s default QASM simulator,
and a sixteen qubit quantum computer based in Melbourne. As in the Strawberry Fields
implementation, reconstruction of the input string and the derivation of θ was required:

1 input_str ing = ”a” * ( j * 2) ** k
2 theta = get_theta (k )

Qiskit provides a native y-axis rotation gate, so the repeated application of the
rotations to the qubit was far simpler. Note that because of the particular implementation
of the ry gate in Qiskit it was necessary to explicitly double the value of θ to achieve the
desired behaviour:

1 f o r _ in input_str ing :
2 c i r c u i t . ry ( theta * 2 , 0)

Finally, the experiment is run on the circuit and repeated in line with the value of the
parameter shots, each time the measured value of the qubit being stored in the available
classical register. These results are then collated and normalised:

1 c i r c u i t . measure (0 , 0)
2 job = execute ( c i r c u i t , backend , shot s=shot s )
3 r e s u l t = job . r e s u l t ( )
4 counts = r e s u l t . get_counts ( c i r c u i t )
5 s t a t e s = [ ’ 0 ’ , ’ 1 ’ ]
6 f r e q s = [ counts . get ( s ta te , 0) / shot s f o r s t a t e in s t a t e s ]
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The full implementation of this solution can be found in Appendix C.

3.6.1 Results
IBM Qiskit was the only identified quantum computing platform that provided ready
access to actual quantum hardware. Through their IBM Quantum experience (and locally
run simulators) it was possible to gather experimental data that would give some insight
into the effects that the noisiness of quantum hardware would have on the utility of QFA.

Simulated Results

Figure 3.4: Simulated Results of EVENODD in IBM Qiskit

Simulations were run locally using Qiskit’s QASM simulator over 4096 shots. It is clear
from Figure 3.4 that the behaviour is identical to that of the Strawberry Fields imple-
mentation. At the conclusion of each shot, when j is even, the qubit is consistently in the
|0⟩ state, and when j is odd, it always resolves to the |1⟩ state.
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Experimental Results

Figure 3.5: Experimental Results of EVENODD in IBM Qiskit

The experimental data visible in Figure 3.5 shows a deviation from the exact output
expected by Say & Yakaryılmaz. While even j inputs are typically correctly recognised,
roughly six per cent of experiments on odd j values result in an incorrect determination of
acceptance (i.e. on measurement they collapsed to |0⟩ instead of |1⟩). Table 3.1 shows the
normalised frequencies of running the experiment 4096 times on IBM’s Melbourne-based,
16-qubit quantum computer.
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Table 3.1: Normalised Frequencies from Running EVENODD on IBM Qiskit’s Melbourne
Node (n = 4096)

k j Length
Final State (Frequency)

|0⟩ |1⟩
1 1 2 0.053 0.947
1 2 4 0.993 0.007
1 3 6 0.059 0.941
1 4 8 0.994 0.006
1 5 10 0.054 0.946
1 6 12 0.992 0.008
2 1 4 0.055 0.945
2 2 16 0.992 0.008
2 3 36 0.057 0.943
2 4 64 0.99 0.01
2 5 100 0.056 0.944
2 6 144 0.995 0.005
3 1 8 0.056 0.944
3 2 64 0.993 0.007
3 3 216 0.052 0.948
3 4 512 0.996 0.004
3 5 1000 0.054 0.946
3 6 1728 0.996 0.004
4 1 16 0.058 0.942
4 2 256 0.993 0.007
4 3 1296 0.067 0.933
4 4 4096 0.994 0.006
4 5 10000 0.063 0.937
4 6 28736 0.994 0.006

3.7 Implementation 3: Rigetti Forest
The third implementation was created on Rigetti’s Forest platform, also based on a super-
conducting qubit paradigm. This platform is quite similar to Qiskit, but applies quantum
gates to a program by overloading the addition operator to append them. Forest also
differs in that it requires both quantum computer (configured here for single qubit oper-
ation) and program objects for normal operation. Like Qiskit it also relies on a defined
set of quantum registers (here named output), of which only one was required for this
experiment:

1 qc = get_qc ( ’ 1q -qvm ’ )
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2 program = Program ( )
3 output = program . de c l a r e ( ’ ro ’ , ’BIT ’ , 1)

As usual, we derive θ and the input string:
1 theta = get_theta (k )
2 input_str ing = ”a” * j * (2 ** k )

Repeated application of the y-axis rotation are achieved by utilising the built in
gate RY. As in Qiskit, theta has to be explicitly doubled in this implementation. A
measurement gate to determine the state of the qubit after the rotations have been applied
has also been added. It measures the first qubit (0 and stores the result in the first classical
register):

1 f o r _ in input_str ing :
2 program += RY( theta * 2 , 0)
3 program += MEASURE(0 , output [ 0 ] )

Forest contains a utility function, wrap_in_numshots_loop, used to replicate the experi-
ment multiple times and aggregate the results. Forest also requires an explicit compilation
step, applied after the replication. The compiled executable can then be run on the pre-
defined quantum computer. The results are then extracted and normalised before being
returned.

1 program . wrap_in_numshots_loop ( shot s )
2 executab l e = qc . compi le ( program )
3 r e s u l t = qc . run ( executab l e )
4 t o t a l s = r e s u l t . f l a t t e n ( ) . t o l i s t ( )
5 f r e q s = [ t o t a l s . count (0 ) / shots , t o t a l s . count (1 ) / shot s ]

The full implementation of this solution can be found in Appendix D.

3.7.1 Results
Hardware compatible with the Rigetti Forest platform was initially inaccessible, with only
local simulators available to run circuits on. Access was finally granted through Amazon’s
Braket service late in 2020, but the overhead involved in rewriting the experiment using
the Braket Python library made it infeasible to achieve experimental results for this
implementation.

Simulations were run using the same execution harness over 4096 sample shots. As
with the other simulated results, these simulations (n = 4096) map precisely to the
distributions predicted by Say & Yakaryılmaz [2] visible in Figures 3.3 and 3.4. All
samples for even j values were correctly measured in the |0⟩ accepting state and all odd
j were collapsed to the |1⟩ state.
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3.8 Implementation 4: Google Cirq
The final implementation of EVENODD was written using Google’s unofficial Cirq library.
This required the instantiation of the single qubit required for the experiment, a circuit,
and a simulator in which to run the experiment:

1 q0 = NamedQubit ( ’ source ’ )
2 s imu la tor = c i r q . S imulator ( )
3 c i r c u i t = c i r q . C i r cu i t ( )

Theta (θ) and the input string also need to be derived, as in the other implementa-
tions:

1 input_str ing = ”a” * j * (2 ** k )
2 theta = get_theta (k )

Each rotation is added as one of the built in ry gates, targeted at the predefined q0.
As in Qiskit and Forest, θ has been explicitly doubled:

1 f o r _ in input_str ing :
2 c i r c u i t . append ( [ ry ( theta * 2) . on ( q0 ) ] )
3

4 c i r c u i t . append (measure_each ( q0 ) )

With the circuit complete, it can be run in the simulator, the results captured,
normalised, and returned.

1 r e s u l t s = s imulator . run ( c i r c u i t , r e p e t i t i o n s=shot s )
2 r e s u l t s = sum( r e s u l t s . measurements . va lue s ( ) ) . t o l i s t ( )
3 f r e q s = [ r e s u l t s . count ( [ 0 ] ) / shots , r e s u l t s . count ( [ 1 ] ) / shot s ]

The full implementation of this solution can be found in Appendix E.

3.8.1 Results
Access to Google hardware on which to run Cirq experiments is heavily restricted and
it was not possible to obtain experimental results for the platform, however results from
locally run simulations were obtained.

These results, simulated using Cirq over 4096 shots, exactly match those of the other
three implementations and the expectations of Say & Yakaryılmaz [2] which can be seen
in Figures 3.3 and 3.4. All samples on even j values collapse to |0⟩ and all odd j values
resolve to |1⟩.
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Study 2: Non-Regular Languages

Another theorised benefit of quantum finite automata put forward by Say & Yakaryılmaz
[2] builds on their earlier work in determining which languages can be recognised using
both QFA and their non-deterministic analogue, NQFA [14]. Their work has identified
a number of interesting classes of languages recognisable, an example of which was put
forward in their 2014 paper. This study aims to implement an example of an NQFA
capable of recognising the NEQ language, again across all four quantum software platforms.

4.1 Non-deterministic Quantum Finite Automata
Like classical, deterministic finite state automata, quantum finite automata have a non-
deterministic counterpart: the non-deterministic quantum finite automata (NQFA). In
classical automata theory non-deterministic automata (and their generalisation, proba-
bilistic finite automata) are termed 2fa because (in addition to being able to have proba-
bilistically weighted transitions) they have more options when consuming input: they can
consume input normally, or they can read input without consuming it, they can even skip
over input without acting on it [15][14]. The terminology comes from their freedom to
move in both ’directions’ (or “two ways”) along in the input (in the context of an analogy
of a reading ‘head’ moving along a read-only tape like that on a classical Turing Machine)
[9]. In non-deterministic quantum finite automata the characteristic non-determinism
comes from a different mechanism. Like their classical probabilistic counterparts NQFA
are defined by an input variable known as a “cut point” or an observed, normalised fre-
quency (often incorrectly defined as a probability) η ∈ [0, 1) of concluding in a given state
cite [32]. If the measured frequency (over some number of experimental repetitions) is
over the defined cut point η for a given input string then the string is defined as being part
of the language. Where NQFA differ is that their cut point is always set at 0 [14]. What
this means is that if, for example, |1⟩ is our accepting state, any meaningful frequency of
results appearing in state |1⟩ (when noise has been accounted for) will result in the input
tested being accepted. These NQFA, or 2qfa, are defined by the following formalism:

32
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M = (Q,Σ, δ, q0, Qacc, Qrej) (4.1)

Where:

• Q: is a finite set of states.

• Σ: is the finite input alphabet.

• δ: is the transition function.

• q0 ∈ Q: is the initial state of the system.

• Qacc ⊂ Q: are the halting (accepting) states of the system.

• Qrej ⊂ Q: are the non-halting (rejecting) states of the system, Qacc ∩Qrej = ∅. [9]

In the context of this study, the transitions δ will consist of rotations around the
y-axis of the Bloch sphere, as in Study 1.

4.2 The Importance of Non-Regular Languages
Classical non-deterministic finite state automata, while useful as an abstraction for cer-
tain problems, are computationally no more powerful (or capable) for language recognition
than their deterministic counterparts [2]. In fact, all classical, non-deterministic finite au-
tomata can be rewritten in a deterministic form [15]. The implication of this equivalency
is that both DFA and NFA (including probabilistic generalisations) are strictly limited to
the recognition of regular languages [2].

Quantum finite automata (specifically the non-deterministic variety) on the other
hand, possess the ability to recognise the set of all regular languages as well as a subset of
non-regular languages. This superset is known as the set of exclusive stochastic languages
(or S ̸=). Figure 4.1 shows the relationships between S ̸=, and regular and non-regular
languages.

Figure 4.1: Relation of Exclusive Stochastic Languages to Regular and Non-Regular Lan-
guages [14]
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This is ability to recognise non-regular languages is important because regular lan-
guages compose only a tiny fraction of the types of extant languages. Work by Chomsky
and others over the past several decades have identified various classes of languages, of
which regular languages are the smallest. Figure 4.2 demonstrates the relationship be-
tween these languages, while Table X maps each class of language to the type of automata
required for recognising that class. Note that as the class grows in size, the sophistication
of the required automata also grows.

Figure 4.2: Chomsky’s Hierarchy of Languages [15]

Table 4.1: Chomsky’s Language Hierarchy and Respective Recognising Automata [15]
Grammar Language Class Automata Required

Type-0 Recursively Enumerable Turing Machine

Type-1 Context-Sensitive Linear-Bounded Non-Deterministic
Turing Machine

Type-2 Context-Free Non-Deterministic Pushdown Automata
Type-3 Regular Finite State Automaton

The concept of non-regular languages is difficult to communicate to non-computer-
scientists because not only they are defined in the negative, they are defined in the negative
of something that is also circularly defined. Regular languages are defined as those recog-
nisable by an FSA, and non-regular languages comprise all other languages as defined in
Table 4.1 and Figure 4.2, above. To make this clearer, consider the following non-regular
language:

L = {anbn|n ∈ N} (4.2)

Each word in the language is defined as some number (n) of a characters, followed by
the same number of b characters. Any word where the number of a and b characters do
not match, or containing characters other than a or b is considered not to be a part of the
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language. This language is not recognisable by a classical FSA because the potential size
of n is unbounded (as would the number of states required in an FSA designed to recognise
the language, a contradiction of the ‘finite’ requirement of all FSA), whereas by definition
the number of states in any FSA must be finite, or bounded. Classical solutions to the
problem of recognising this language require the use of a more sophisticated automata, a
pushdown automata, as indicated in Table 4.1.

Non-regular languages are not limited to trivial examples like that described above,
in fact many vitally important features of our every day lives, though we may not realise.
One real-world example is the Hyptertext Markup Language, or HTML. HTML uses
series of matching tags (e.g. <div> and </div>) to define the content of web pages, each
tag (with a few rare exceptions) must be matched or the element it defines (or even the
whole web page) will not render. This critically important language matches the format
of the previous example (though multiple tag types mean it is far more sophisticated in
actuality):

{<div>n</div>n|n ∈ N} (4.3)

While only an example, this illustrates the potential value and applicability of new
ways of recognising non-regular languages.

4.3 The NEQ Language
To demonstrate this power of non-deterministic QFA Say & Yakaryılmaz [2] proposed
building an NQFA to recognise the exclusive stochastic (non-regular) NEQ language, which
is defined as:

NEQ = {.w|w|a ̸= |w|b} (4.4)

This results in a language comprised of all strings where the number of a characters
differs to that of the number of b characters. For example the string aab ∈ NEQ, whereas
aabb /∈ NEQ [2].

Because of the limitations of classical finite automata outlined in Section 4.2, this
language cannot be recognised without introducing more sophisticated automata (e.g.
a pushdown automata). This study aims to show that NQFA do not suffer from this
limitation.

4.4 Implementing NEQ in Quantum Software
As in the EVENODD problem addressed in Study 1, Say & Yakaryılmaz [2] propose a
single qubit system with unitary rotations conducted around the y-axis (see Figure 3.2).
Where it differs is that the angle of the rotation is no longer dependent on the language
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parameters, but depends on the input consumed. On reading an a character, the rotation
occurs in the clockwise direction:

θ =
√
2π (4.5)

While when the b character is observed the rotation is made counterclockwise:

θ = −
√
2π (4.6)

These rotations use the same unitary rotational operator as Study 1, which rotates
θ radians about the y-axis:

Uθ =

(
cos θ −sin θ
sin θ cos θ

)
(4.7)

By utilising the irrational
√
2 multiple from equations 4.5 and 4.6 the periodic func-

tion (or rotation about the y-axis) is altered and two things critical to this study are
assured:

• Any b-rotation will exactly cancel out the effect of any a-rotation and vice versa.

• No amount of a-rotations or b-rotations will ever result in the automata returning
to it’s exact starting point. (|0⟩). [2]

This study differs from that evaluating the EVENODD promise problem in that it
neither requires, nor expects, a high proportion of shots to conclude in the accepting
state |1⟩. In fact, any recognisable proportion (allowing for systematic noise) of results
measured as |1⟩ will constitute grounds for acceptance of the input string as being part
of the language. This full reliance on the probabilities (as a result of the cut point being
0), or rather frequencies, is what defines this QFA as non-deterministic [2].

As in Study 1, to reduce duplication of code across the various implementations,
an execution harness was developed to control the operation of each each implementa-
tion: gathering the results of repeated executions, collating them and presenting them in
graphical form. The full code of the NEQ execution harness is provided in Appendix F.
This harness takes a single parameter in the form of the implementation function. Each
implementation function, named run_experiment, takes the following parameters:

• a: the number of a characters in the input string.

• b: the number of b characters in the input string.

• simulation: whether to run the experiment as a simulation, or on real quantum hard-
ware (where available). This parameter is typically pre-populated using Python’s
partial evaluation utilities so it can be controlled at the same execution site
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• shots: the number of time to run the experiment in the configuration defined by the
other parameters.

Each implementation consists of three components, setup of the quantum circuits and
qubits, an operational phase where rotations (whose magnitude is fixed, but direction
is determined by the input character consumed) around the y-axis are added to the
circuit, and a final stage where the experiment is run (repeatedly, in accordance with the
magnitude of the shots parameter), each time having the state of the qubit examined, the
results collated, and those collated results returned to the harness for further processing.

4.5 Implementation 1: Strawberry Fields
The Strawberry Fields implementation of NEQ, the sole photonics-based platform, was the
first to be implemented. Two nodes (or channels) and a simulator based on Strawberry
Fields’ Fock engine were instantiated:

1 program = s f . Program (2)
2 eng ine = s f . Engine ( ” fock ” , backend_options={” cutoff_dim” : 2})

Theta (θ) and the input string are both derived from functions defined in the NEQ
common utilities: θ being the fixed value

√
2π and input_string being generated in a

pseudo-random order from a a characters and b b characters to more readily represent
typical input configurations.

1 theta = get_theta ( )
2 input_str ing , l ength = get_input (a , b )

Using Strawberry Fields’ custom program context, the two previously initiated chan-
nels are instantiated. As in Section 3.5, the first channel is initiated so as to release a
single photon at the start of the experiment, while the second channel is initialised as
empty (a vacuum). Then the channels are populated with a series of gates based on the
contents of the input_string. As discussed in Section 3.5, the Strawberry Fields API does
not include a native y-axis rotational gate, as such we use beam splitter gates (BSgate)
with an angle equivalent to θ or −θ dependent on whether the consumed input character
was a or b. This will result in a superposition equivalent to that achieved by a simple
y-axis rotational gate:

1 with program . context as q :
2 Fock (1 ) | q [ 0 ]
3 Vacuum( ) | q [ 1 ]
4

5 f o r char in input_str ing :
6 i f char == ”a” :
7 BSgate ( theta ) | ( q [ 0 ] , q [ 1 ] )
8 e l i f char == ”b” :
9 BSgate ( - theta ) | ( q [ 0 ] , q [ 1 ] )
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10 e l s e :
11 r a i s e NotImplementedError

Finally, the circuit is run repeatedly (n = 4096) using the Fock engine. A photon
detected in the first channel corresponds to a recognised result of |0⟩ while a photon
detected in the second channel is interpreted as |1⟩.

1 r e s u l t = engine . run ( program , shot s=shot s )
2 s t a t e = r e s u l t . s t a t e
3 f r e q s = [ round ( abs ( s t a t e . mean_photon (0 ) [ 0 ] ) , 4) ,
4 round ( abs ( s t a t e . mean_photon (1 ) [ 0 ] ) , 4) ]

4.5.1 Results
This implementation suffered from similar limitations to Study 1 in that results-gathering
was limited to Strawberry Fields’ Fock simulator due to the current inability of the Straw-
berry Fields hardware to release single photons. Interpreting the simulated results that
could be gathered differs quite substantially from Study 1. Say & Yakaryılmaz [2] do
not provide expected frequencies to verify against, instead the non-deterministic QFA
used in this study operates on the principle that any non-zero frequency in |1⟩ () when
|w|a ̸= |w|b. From this we can infer that when |w|a = |w|b we should expect all shots to
resolve to |1⟩.

Simulated Results

The results of running the NEQ circuit on Strawberry fields showed exact alignment with
the inferences made above based on the predictions of Say & Yakaryılmaz [2]. The actual
magnitudes of the frequencies are determined by the final state of the single qubit system
when the measurement operation occurs, the only requirement is that they be non-zero.
Figure 4.3 shows the results of the simulations running over all permutations of the input
parameters a ∈ {1, 2, 3, 4} and b ∈ {1, 2, 3, 4, 5, 6}.
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Figure 4.3: Simulated Results of NEQ in Strawberry Fields

4.6 Implementation 2: IBM Qiskit
The second implementation of the NEQ experiment was developed using IBM Qiskit so as
to allow for a platform capable of providing both simulations and experimental results.
This study also involved a single qubit system and required a single classical register
in which the results of the measurement operation could be stored (QuantumCircuit(1, 1)).
The Qiskit backend was again configured to be dynamically allocated based on whether
simulated or experimental results were sought:

1 c i r c u i t = QuantumCircuit (1 , 1)
2 i f s imu la t i on :
3 backend = Aer . get_backend ( ’ qasm_simulator ’ )
4 e l s e :
5 prov ide r = IBMQ. get_provider ( group=’ open ’ ,
6 p ro j e c t=’main ’ )
7 backend = prov ide r . get_backend ( ’ ibmq_16_melbourne ’ )

The values of θ and the input string were gathered using utility functions as described
in Section 4.5. The get_input() utility function has been reformulated in this study to also
return the length of the string, which is used for logging purposes:

1 theta = get_theta ( )
2 input_str ing , l ength = get_input (a , b )
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With the input string computed, it can be iterated over and examined. On each
iteration of the loop, the character (char) at that position is evaluated. If char is a, a
Qiskit ry, or y-axis rotation, gate is applied with a positive value of θ. When char is b,
the same gate is applied but with a negative θ value. Any other values are deemed to
be incompatible and will case the program to stop. Note again that due to differences
in implementation, θ values are doubled when provided to this particular Qiskit gate.
The final gate to be added is the measurement operation, assessing the qubit (causing its
collapse) and storing the value in the first (and only) classical register.

1 f o r char in input_str ing :
2 i f char == ”a” :
3 c i r c u i t . ry ( theta * 2 , 0)
4 e l i f char == ”b” :
5 c i r c u i t . ry ( - theta * 2 , 0)
6 e l s e :
7 r a i s e NotImplementedError
8

9 c i r c u i t . measure (0 , 0)

To see the results of this circuit a job is constructed to execute the circuit on the
predetermined backend and repeated n = shots times. The results of these repetitions are
extracted from the completed job, collated, and returned.

1 job = execute ( c i r c u i t , backend , shot s=shot s )
2 r e s u l t = job . r e s u l t ( )
3 counts = r e s u l t . get_counts ( c i r c u i t )
4 s t a t e s = [ ’ 0 ’ , ’ 1 ’ ]
5 f r e q s = [ counts . get ( s ta te , 0) / shot s f o r s t a t e in s t a t e s ]

4.6.1 Results
As with Study 1, the relative accessibility of IBM’s Quantum Experience platform meant
that both simulated and experimental (hardware) results were available. This provided a
basis for comparison that proved vital in assessing whether the noise present in current
generation general-purpose quantum computers would impact the efficacy of software-
defined QFAs in the near term.

Simulated Results

As can be observed in Figure 4.4, the results of running NEQ on IBMs classical (QASM)
simulator showed results identical to that of the Strawberry Fields implementation de-
scribed earlier in Section 4.5. Observe that once again when the number of as and bs align,
all shots are observed as being rejected (in the |0⟩ state) and that no unequal pairing has
zero frequency in the |1⟩ state.
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Figure 4.4: Simulated Results of NEQ in IBM Qiskit

Experimental Results

Figure 4.5: Experimental Results of NEQ in IBM Qiskit
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In addition to the simulated results explained above, experimental results were also
gathered over the same combinations of input parameters (a ∈ {1, 2, 3, 4} and b ∈
{1, 2, 3, 4, 5, 6}) as the Strawberry Fields implementation. The experiment was repeated
4096 times in each configuration and results have been provided in Table 4.2 and are
represented graphically in Figure 4.5.

Table 4.2: Normalised Frequencies from Running NEQ on IBM Qiskit’s Melbourne Node
(n = 4096)

a b Length
Final State (Frequency)

|0⟩ |1⟩
1 1 2 0.991 0.009
1 2 3 0.137 0.863
1 3 4 0.748 0.252
1 4 5 0.553 0.447
1 5 6 0.280 0.720
1 6 7 0.952 0.048
2 1 3 0.141 0.859
2 2 4 0.992 0.008
2 3 5 0.133 0.867
2 4 6 0.735 0.265
2 5 7 0.550 0.450
2 6 8 0.271 0.729
3 1 4 0.749 0.251
3 2 5 0.134 0.866
3 3 6 0.993 0.007
3 4 7 0.128 0.872
3 5 8 0.735 0.265
3 6 9 0.551 0.449
4 1 5 0.564 0.436
4 2 6 0.760 0.240
4 3 7 0.137 0.863
4 4 8 0.994 0.006
4 5 9 0.141 0.859
4 6 10 0.744 0.256

In interpreting these results there are a number of interesting features to observe
that have been introduced as a result of noise present in the experiment that was entirely
lacking in the simulations. The first and most impactful issue is that in configurations
where |w|a = |w|b, there now exist shots collapsing to a |1⟩ state, albeit less than 1% of
cases. Despite these anomalies it is still clear from visual inspection which cases in each
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configuration should not be included in NEQ. The other, potentially less serious issue
introduced by this noise is the disparity between the frequencies reported by the simulation
for cases when |w|a ̸= |w|b and those derived experimentally. The simulated results
express the frequencies under perfect conditions, so any deviation can be interpreted
as the result of noise from some source. While these deviations would not change the
result of determinations made under these circumstances, it does raise the prospect of
it contributing to incorrect determinations made under alternative configurations or for
applications to different problems.

4.7 Implementation 3: Rigetti Forest
The third implementation of the NEQ problem was constructed using Rigetti Forest. To
initialise the experiment, a single-qubit quantum computer (qc) and an empty quantum
program are created along with a single classical register (output):

1 qc = get_qc ( ’ 1q -qvm ’ )
2 program = Program ( )
3 output = program . de c l a r e ( ’ ro ’ , ’BIT ’ , 1)

The value for θ (
√
2π) is obtained from the NEQ common utilities and the pseudo-

random permutation of the input string is generated:
1 theta = get_theta ( )
2 input_str ing , l ength = get_input (a , b )

The input string is iterated over, each character triggering a y-axis rotation of either√
2π or −

√
2π for a or b, respectively. This is accomplished using the Foresk SDK’s

natively supported y-rotation gate. The last gate to be added represents a single mea-
surement operation placing the measured state of the system’s qubit into the classical
register:

1 f o r char in input_str ing :
2 i f char == ”a” :
3 program += RY( theta * 2 , 0)
4 e l i f char == ”b” :
5 program += RY( - theta * 2 , 0)
6 e l s e :
7 r a i s e NotImplementedError
8

9 program += MEASURE(0 , output [ 0 ] )

With the program complete it can be configured to execute repeatedly in line with the
value of shots. The program is then executed, the resulting values unpacked, normalised
and returned:

1 program . wrap_in_numshots_loop ( shot s )
2 executab l e = qc . compi le ( program )
3 r e s u l t = qc . run ( executab l e )
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4 t o t a l s = r e s u l t . f l a t t e n ( ) . t o l i s t ( )
5 f r e q s = [ t o t a l s . count (0 ) / shots , t o t a l s . count (1 ) / shot s ]

4.7.1 Results
As explained in Section 3.7.1, delays in gaining access to Rigetti hardware made it in-
feasible to conduct hardware-based experiments. Simulations were conducted, using the
execution harness, over all possible permutations of the input variables a ∈ {1, 2, 3, 4} and
b ∈ {1, 2, 3, 4, 5, 6}. Experiments in each configuration were conducted 4096 times. The
results exactly correspond to those found in the NEQ simulations conducted on Strawberry
Fields and Qiskit, visible in Figures 4.3 and 4.4, respectively.

4.8 Implementation 4: Google Cirq
The last NEQ implementation was created using Google Cirq. Setting up the single qubit
system suggested by Say & Yakaryılmaz [2] involved initialising a qubit q0, preparing a
simulator, and creating an empty circuit to populate with gates:

1 q0 = NamedQubit ( ’ source ’ )
2 s imu la tor = c i r q . S imulator ( )
3 c i r c u i t = c i r q . C i r cu i t ( )

As in the other implementations, θ derived from the predifined function from the
problem’s common utilities. The input string is constructed pseudo-randomly in line
with the a and b parameters:

1 theta = get_theta ( )
2 input_str ing , l ength = get_input (a , b )

For each character in the input_string, add a y-rotation gate operating on the qubit
q0, with either θ or −θ depending on whether the character in question is a or b. After
all of the rotations have been added to the circuit, a measurement operation, storing the
result of measuring q0, is added as the final gate:

1 f o r char in input_str ing :
2 i f char == ”a” :
3 c i r c u i t . append ( [ ry ( theta * 2) . on ( q0 ) ] )
4 e l i f char == ”b” :
5 c i r c u i t . append ( [ ry ( - theta * 2) . on ( q0 ) ] )
6 e l s e :
7 r a i s e NotImplementedError
8

9 c i r c u i t . append (measure_each ( q0 ) )

Finally, the simulation is run repeatedly, shots times, before the measured values are
unpacked, collated, normalised and returned.
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1 measurements = s imulator . run ( c i r c u i t , r e p e t i t i o n s=shot s )
2 r e s u l t s = sum(measurements . measurements . va lue s ( ) ) . t o l i s t ( )
3 f r e q s = [ r e s u l t s . count ( [ 0 ] ) / shots , r e s u l t s . count ( [ 1 ] ) / shot s ]

4.8.1 Results
Results for this implementation were limited to simulations for the reasons outlined in Sec-
tion 3.8.1. These simulations were conducted on Cirq’s classically implemented quantum
simulator over the same input combinations as the other implementations (a ∈ {1, 2, 3, 4}
and b ∈ {1, 2, 3, 4, 5, 6}) and results were found to exactly correspond to those of the sim-
ulations produced by the other three implementations over the same 4096 repetitions. All
samples for configurations corresponding to words not in the language (|w|a ̸= |w|b) were
observed to fall in state |0⟩, whilst all words in the language observed non-zero frequency
in the |1⟩ state. These results can be observed in Figures 4.3 and 4.4.



Chapter 5

Study 3: Higher Dimensional State
Reduction

Quantum computing is typically conducted with a state composed of some number of
qubits (states consisting of some combination of two basis states). Both prior studies
have conformed to this dynamic, however it is possible to create quantum circuits based
on higher dimensions (combinations of more than two basis states are typically known
as “qudits”, where the dimensionality is indicated by the variable d). This study shows
that the same state reduction possible in qubit-based state systems is achievable in higher
dimensional systems as well.

5.1 Tian et al., 2019
This study centres around a paper published in Nature Quantum Information by Tain et
al. in 2019 [3]. The paper described a demonstration which used a linear optical system
to prove experimentally that their quantum solution could solve the prime remainder
problem using only three orthonormal basis states in a single qutrit (a three-dimensional
state-space, compared to the two-dimensional spaces described above for qubits), com-
pared to the P states required by the classical solution.

5.1.1 The Prime Remainder Problem
The prime remainder problem is a classification problem that differentiates between
whether the length of the provided input is a specified multiple, k, of a prime, P , or some
multiple of P plus a specific remainder, R. Figure 5.1 shows the classical finite automata
capable of recognising both classes of the prime remainder problem, with P = 5, R = 1

in five states, over the alphabet {0, 1}. The set of inputs resulting in the automata con-
cluding in the q0 accepting state correspond to the k · P input lengths {0, 5, 10, 15...}
while those concluding in the q1 accepting state correspond to k · P + R include lengths
{1, 6, 11, 16...}. This representation is slightly different from that required of the prime

46
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remainder problem as FSA, by definition, can only report acceptance or rejection, not the
the specific final state. The prime remainder problem’s requirement to classify two related
languages independently would require two FSA, identical to the one demonstrated in 5.1
but that each would only have a single accepting state q0 or q1, respectively. Input strings
would be run through both FSA and any not accepted by (only) one automaton would
be discarded, leaving the lengths of all remaining inputs classified as either L = k · P or
L = k · P +R.

q0start q1 q2

q3q4

0, 1 0, 1

0, 1
0, 1

0, 1

Figure 5.1: Classical FSA for the Prime Remainder Problem (P = 5, R = 1)

5.1.2 Achieving Advantage
Tian et al. [3] demonstrated the superiority of their quantum solution using four examples:

• A QFSA to detect input of length 3k (P · k, P = 5).

• A QFSA to detect input of length 3k + 1 (P · k +R,P = 3, R = 1).

• A QFSA to detect input of length 5k (P · k, P = 5).

• A QFSA to detect input of length 5k + 2 (P · k +R,P = 5, R = 2).

Classical finite state automata would have required a minimum of three and five
states respectively for each configuration, with required states growing linearly with n.
By contrast, their quantum solution for the same problem requited only three basis states
(a single third order unit of state) and used a much simpler architecture, where the same
three-dimensional unitary operation U was applied to the qubit for each input, rotating
the unit vector around the Bloch sphere. If k ·P +R rotations are effected, the vector will
return to the starting |0⟩ state on application of measurement and collapse, otherwise the
qubit will emerge in either |1⟩ or |2⟩ with respective probabilities dependent on R and P .
This setup (though expressed physically) maintains the O(n) running time of the FSA
solution, however reduces the required state from O(n) to O(1) [3].

5.1.3 Existing Hardware Implementation
Tian et al. [3] demonstrated their quantum advantage through a physical circuit. This
circuit, observable in Figure 5.2 uses photons released from a photon emitter and travelling
along three optical channels



CHAPTER 5. STUDY 3: HIGHER DIMENSIONAL STATE REDUCTION 48

Figure 5.2: The Physical Circuit Used by Tian et al., 2019 [3]

This implementation consists of four main hardware components that would need to
be replicated in software:

• A Photon Emitter: releases individual photons along a specified optical channel.

• Half-Wave Plates: alters the polarisation (state) of the photons passing through it.

• Beam Splitters (Beam Dividers): a photon enters on one channel and is placed in
a superposition across two exit channels. The probability of ending up in either
channel is determined by its state on entering the splitter.

• Photon Detectors: sit at the end of optical channels and determine whether or not
a photon was present on the channel.

5.1.4 Reusable Building Blocks for a Software Implementation
In order to re-implement the experiment described above at the software level, it was
first necessary to genericise the process of determining the appropriate angle settings of
the Ue and Uc unitary operations for each configuration of prime and remainder. Angles
were provided only for the prime remainder settings demonstrated by the authors, but
algorithms were provided which purportedly produce angles for any prime remainder
combination. These angles, arrived at via the identification of intermediate variables Q
and t, were determined through the implementation of a series of solvers. The value of Q
is bound by the following constraints as identified by Tian et al. [3]:

• Q ∈ Z+ and Q < P .

• cos(2πQ
P
R) < 0.

•

Q =


⌈ P
4R
⌉ R ≤ P

4

1 P
4
≤ R ≤ 3P

4

⌊P
R
(j + 1

4
)⌋+ 1, 1

4
< j P−R

R
= ⌊j P−R

R
⌋ < 2

3
R > 3P

4

An equation solver was implemented to derive Q from P and R in line with these
constraints and can be found in Appendix K. This solver allowed for the computation of
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the angles utilised in the Ue and Uc gates, the functions for deriving these angles from Q

are included in Appendix L. The execution harness, as described in previous studies, has
also been provided in Appendix M.

5.2 Implementation 1: Strawberry Fields

5.2.1 A Photonics Implementation in Software
With the inputs to each unitary operation readily available for any permutation of prime
and remainder, the only thing left to ascertain was how to recreate those unitary oper-
ations, formerly expressed in hardware, in software. This proved somewhat easier using
Strawberry Fields than in the other platforms as Strawberry Fields is built around the
same photonics-based optical technology used by the Tian et al. hardware experiment
[3]. This meant native support for gates like beam splitters, which were used extensively.

Before the software-defined gates could be initialised, an empty program had to be
created, along with a Fock simulator in which to run it. Note here that the circuit is
created with three subsystems, or channels, to match the three optical channels observed
in Figure 5.2.

1 n_subsystems = 3
2 program = s f . Program( n_subsystems )
3 eng ine = s f . Engine ( ” fock ” , backend_options={” cutoff_dim” : 2})

The rotational angles required for the experiment and described in Section 5.1.4 were
obtained from the utility functions based on the configuration parameters:

1 theta_c , theta_e , phi_c , phi_e = get_angles ( prime , remainder )

The systems channels were set up such that the second and third were initialised as
a vacuum while the first is configured such that a single photon will be released at the
start of the experiment:

1 with program . context as q :
2 Fock (1 ) | q [ 0 ] # Setup channel 0
3 Vacuum( ) | q [ 1 ] # Empty channel 1
4 Vacuum( ) | q [ 2 ] # Empty channel 2

Creating the block of operations labeled by Tian et al. as Ue in software was made
reasonably straightforward by two factors, first that the half wave plate identified as
HWP1 was deemed unnecessary based on the previous set up steps. This left only BD1,
which could be replicated with a single beam splitter gate (BSgate). Note that the BSgate
is configured first with the angles theta_e and phi_e derived earlier before being applied
to the first and second channels. All of this takes place within the program.context shown
in the previous block:

1 BSe = BSgate ( theta_e , phi_e )
2 BSe | ( q [ 0 ] , q [ 1 ] )
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The next next stage of the Tian et al. circuit is the repeated application of Uc blocks.
Due to the lack of a native half-wave plate gate operation an equivalent was constructed
from a single BSgate across the second and third channels using one of the derived angles,
theta_c. These operations also take place in the program.context. Note that the BSgate is
only defined once, but applied repeatedly in line with the length of the input:

1 BSc = BSgate ( theta_c , 0)
2 f o r _ in range ( l en ( input_str ing ) ) : # n app l i c a t i o n s o f Uc
3 BSc | ( q [ 1 ] , q [ 2 ] )

The final step involved measuring and collating the results. Due to the nature of the
experiment and the Strawberry Fields platform, there was no need to implement the M
block of the circuit as Strawberry Fields’ measures the results as part of normal operation.
This removed the need to implement HWP4, HWP5 and BD2.

1 r e s u l t = engine . run ( program )
2 s t a t e = r e s u l t . s t a t e
3 f r e q s = [ s t a t e . mean_photon ( i ) [ 0 ] f o r i in range ( n_subsystems ) ]

The full implementation is provided in Appendix N.

5.2.2 Results
Due to present limitations of the Strawberry Fields hardware platform it was not pos-
sible to test this implementation on actual quantum hardware and obtain experimental
results. As was explained by a representative of the Xanadu directly, their focus has been
on continuous variable quantum computing, and not on the development of individual,
controllable qubits. In practice, their quantum chips can only initialise channels in vac-
uum or squeeze states, whereas this experiment requires initialisation of the first channel
in a Fock state whereupon a single photon is released into the channel. While it was not
possible to reformulate the experiment to make use of squeeze states, simulated results
were obtained and are included below.

Simulated Results

Simulations were carried out using the Strawberry Fields Fock simulator on the same sets
of configuration permutations used by Tian et al. [3]. Primes (P ∈ {3, 5}) and remainders
(R ∈ 1, 2) were tested against inputs strictly designed to fall into either P · k or P · k+R.
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Figure 5.3: Results for Tian et al. (2019) running on a simulated photonic quantum
computer

The results of these simulations, displayed in Figure 5.3, show an exact correspon-
dence to the expectations of Tian et al., albeit without the small amount of noise present
in their experimental results. Note that P · k length inputs (those with no remainder)
appear with 100% frequency in the |0⟩ state, while configurations involving P · k + R

length inputs all resolve to either |1⟩ or |2⟩.

5.3 Implementation 2: IBM Qiskit
The Tian et al. experiment was also implemented in software using IBM’s Qiskit SDK.
Because of the relative availability of IBM hardware, this provided the unique ability to
examine the differences in performance between the dedicated Tian et al. circuit and the
same circuit as implemented in software on a general purpose quantum computer.

This implementation posed certain challenges as due to the change in underlying
hardware paradigm, gates like beam splitters were no longer natively provided and needed
to be constructed from other, more primitive gates. Another challenge was implementing a
qutrit-based system on hardware that only natively supports qubit-based operation. This
latter challenge was overcome by using three qubits to mimic the behaviour of a single
qutrit, which retains the constant advantage of constant space requirements. Apart from
the increase in qubits (and corresponding classical registers) the creation of the circuit
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and back end remains unchanged from Studies 1 and 2.
1 c i r c u i t = QuantumCircuit (3 , 3)
2

3 i f s imu la t i on :
4 backend = Aer . get_backend ( ’ qasm_simulator ’ )
5 e l s e :
6 prov ide r = IBMQ. get_provider ( group=’ open ’ ,
7 p ro j e c t=’main ’ )
8 backend = prov ide r . get_backend ( ’ ibmq_16_melbourne ’ )

The angles for the half wave plates and beam splitters (or their equivalents are
obtained from the study utilities, as in the Strawberry Fields implementation:

1 theta_c , theta_e , phi_c , phi_e = get_angles ( prime , remainder )

In order to initialise the first qubit in the |1⟩ state (analogous to releasing a single
photon in the first channel) a y-rotation of π radians is made:

1 c i r c u i t . ry ( pi , 0)

As mentioned the lack of native beam splitters necessitated the creation of an equiva-
lent compatible with the superconducting qubit paradigm. This was achieved by chaining
three more primitive gates together. The first, a “controlled y” gate, rotates the state vec-
tor of the second qubit θ radians around the y-axis only if the first is |1⟩ when evaluated.
The same is done for the z-axis with the angle ϕ. Then a controlled Pauli X gate (cx)
rotates the first qubit’s state vector π radians around the x-axis, but only if the second
qubit is |1⟩ when evaluated. The net result of this is to set up a quantum superposition
across the first and second channels in the same way as a beam splitter, with probabilities
dependent on the values of θ and ϕ. This is utilised for creating both Ue and Uc. Ue,
operating on the first and second qubits is demonstrated here:

1 de f bs ( c i r c u i t , q0 , q1 , theta=np . p i / 2 , phi=0) :
2 # Create BS us ing c on t r o l l e d r o t a t i on and cnot
3 # q1 i s incoming whereas q2 i s outgoing
4 c i r c u i t . cry ( theta , q0 , q1 )
5 c i r c u i t . c r z ( phi , q0 , q1 )
6 c i r c u i t . cx ( q1 , q0 )
7

8 bs ( c i r c u i t , 0 , 1 , theta=2 * theta_e , phi=phi_e ) # Ue

The beam splitter equivalent gate is also used in effecting Uc, here applied repeatedly
when processing each input character. Here it is applied over the second and third qubits,
with different values for θ and ϕ than Ue:

1 f o r _ in range ( l en ( input_str ing ) ) :
2 bs ( c i r c u i t , 1 , 2 , 2 * theta_c , phi=phi_c ) # Uc

The implementation of M and U †
e operates slightly differently in that the constituent

operations are applied in reverse order to that of Ue. The reason for this is evident on
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observing the formation of these elements in Figure 5.2, where the constituent components
similarly occur in reverse.

1 de f bsd ( c i r c u i t , q0 , q1 , theta=np . p i / 2 , phi=0) :
2 # Create BS us ing c on t r o l l e d r o t a t i on and cnot
3 # q0 i s incoming whereas q1 i s outgoing
4 c i r c u i t . cx ( q1 , q0 )
5 c i r c u i t . c r z ( phi , q0 , q1 )
6 c i r c u i t . cry ( theta , q0 , q1 )
7

8 bsd ( c i r c u i t , 1 , 0 , theta=2 * theta_e , phi=phi_e ) # Ued

As a side effect of the U †
e operations already conducted on the circuit, a portion of the

results that should be attributable to state |0⟩ (001) has ended up in the unlabelled state
011. The application of a controlled NOT gate acting on the second qubit (as controlled
by the first) corrects this error without affecting results truly meant for the state where
the second qubit should be active |1⟩ (010).

1 c i r c u i t . cx (0 , 1)

Finally the state of the three qubits is measured, the results extracted from the
completed job object and normalised. Observe here that three “states” are extracted from
the results. Because three qubits have been used, each with two orthonormal basis states
to collapse to, there are actually nine states the system could resolve to. However only
the three identified here were actually used and are relevant, though the presence of the
others becomes important in interpreting experimental results.

1 c i r c u i t . measure ( range (3 ) , range (3 ) )
2 shot s = 4096
3 job = execute ( c i r c u i t , backend , shot s=shot s )
4 counts = job . r e s u l t ( ) . get_counts ( c i r c u i t )
5 s t a t e s = [ ’ 001 ’ , ’ 010 ’ , ’ 100 ’ ]
6 f r e q s = [ counts . get ( s ta te , 0) / shot s f o r s t a t e in s t a t e s ]

The full implementation of Tian et al. in Qiskit is provided in Appendix O.

5.3.1 Results
Simulated Results

Simulations were run using the same sample of primes and remainders as the original Tian
et al. study and the Strawberry Fields implementation. The results were also found to
be consistent with these previous examples. As can be observed in Figure 5.3, the qubit-
based system simulated by the Qiskit SDK has also found that all samples involving P ·k
words resolved to |0⟩ while P · k +R samples are distributed between |1⟩ and |2⟩.
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Figure 5.4: Results of Running Tian et al. (2019) on an IBM Qiskit Simulator

Experimental Results

Figure 5.5: Experimental Results of Running Tian et al. (2019) on IBM Qiskit Hardware
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In addition to the simulations described above, the Qiskit implementation of Tian at al.
was also run on IBM’s 16-qubit, Melbourne-based quantum computer with the same set
of primes, remainders and input string configurations. Figure 5.5 shows the results of
these experiments. Figure 5.5 shows a number of interesting elements of these results.
The first and arguably most important factor is the apparent loss of samples across all
configurations and inputs. In the simulated results for both Qiskit and Strawberry fields,
all of the various configurations 4096 samples were distributed across the three possible
states. Here though, samples appear to disappear, with the visible normalised frequencies
for each configuration summing to less than 1.0. These “missing” samples are being
resolved to combinations of states other than those demarcated as |0⟩ (001), |1⟩ (010),
|2⟩ (100), e.g. 111. The existence of these other possible states is a side effect of the
way the qutrit has been constructed from three separate qubits. Table 5.1 shows the
normalised frequencies of the experiment for each configuration, broken down by final
state (including invalid states - labelled here as “Other”). Observe that the impact of
these lost samples is quite severe, in the worst case more than 50% of samples resolve in
invalid final states. Also present, though somewhat obscured by the missing sample issue,
is the same hardware-introduced noise present in the hardware implementation of Studies
1 and 2.

5.4 Implementation 3: Rigetti Forest
The Tian et al. circuit was also realised on the Rigetti Forest platform using similar
techniques to those used in the Qiskit implementation.

In contrast to the previous two studies, implementing Tian et al. required a three
qubit quantum computer, along with three classical registers in which to store measure-
ments of each qubit:

1 qc = get_qc ( ’ 3q -qvm ’ )
2 program = Program ( )
3 output = program . de c l a r e ( ’ ro ’ , ’BIT ’ , 3)

The angles for the various components were gathered from the common utilities as
in previous implementations.

1 theta_c , theta_e , phi_c , phi_e = get_angles ( prime , remainder )

The first qubit was rotated such that it began the circuit in the |1⟩ state.
1 program += RY( pi , 0)

Forest’s syntax for implementing controlled gates was somewhat different to that
of Qiskit, so utility functions were set up to apply controlled y-rotation and z-rotation
gates more easily. These functions were utilised in the implementation of a beam splitter
equivalent that follows the same logic as the Qiskit element created for the same purpose:

1 de f cry ( program , cont ro l , target , theta ) -> None :
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Table 5.1: Normalised Frequencies from Running Tian et al. (2019) on IBM Qiskit’s
Melbourne Node (n = 4096)

P R Length
Final State (Frequency)
|0⟩ |1⟩ |2⟩ Other

3 1 0 0.688 0.086 0.004 0.222
3 1 1 0.196 0.284 0.048 0.472
3 1 3 0.702 0.079 0.004 0.215
3 1 4 0.205 0.277 0.051 0.467
3 1 6 0.746 0.082 0.005 0.168
3 1 7 0.203 0.270 0.043 0.484
3 2 0 0.687 0.082 0.006 0.224
3 2 2 0.112 0.266 0.126 0.497
3 2 3 0.62 0.081 0.017 0.282
3 2 5 0.177 0.258 0.06 0.506
5 1 0 0.656 0.083 0.009 0.252
5 1 1 0.16 0.357 0.023 0.459
5 1 5 0.646 0.079 0.011 0.264
5 1 6 0.082 0.548 0.162 0.208
5 2 0 0.688 0.083 0.005 0.223
5 2 2 0.172 0.370 0.033 0.425
5 2 5 0.736 0.089 0.004 0.171
5 2 7 0.153 0.348 0.037 0.462

2 program += RY( theta , t a r g e t ) . c o n t r o l l e d ( c on t r o l )
3

4 de f c r z ( program , cont ro l , target , phi ) -> None :
5 program += RZ( phi , t a r g e t ) . c o n t r o l l e d ( c on t r o l )
6

7 de f bs ( program , q0 , q1 , theta=np . p i / 2 , phi=0) :
8 # Create BS us ing c on t r o l l e d r o t a t i on and cnot
9 # q1 i s incoming whereas q2 i s outgoing

10 cry ( program , q0 , q1 , theta ) # c i r c u i t . cry ( theta , q0 , q1 )
11 c r z ( program , q0 , q1 , phi ) # c i r c u i t . c r z ( phi , q0 , q1 )
12 program += CNOT(q1 , q0 ) # c i r c u i t . cx ( q1 , q0 )
13

14 bs ( program , 0 , 1 , theta=2 * theta_e , phi=phi_e )

To effect the repeated Uc blocks present in the Tian circuit, it was possible to utilise
a simple y-axis rotation gate, controlled by the presence of a measured |1⟩ state in the
third qubit, in combination with a CNOT gate acting on the second channel based on the
state of the third.

1 f o r _ in range ( l ength ) :
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2 cry ( program , 1 , 2 , theta_c * 2)
3 program += CNOT(2 , 1)

BS† was again implemented by reversing the order of operations of the BS gate:
1 de f bsd ( program , q0 , q1 , theta=np . p i / 2 , phi=0) :
2 # Create BS us ing c on t r o l l e d r o t a t i on and cnot
3 # q1 i s incoming whereas q2 i s outgoing
4 program += CNOT(q1 , q0 )
5 c r z ( program , q0 , q1 , phi )
6 cry ( program , q0 , q1 , theta )
7

8 bsd ( program , 1 , 0 , theta=2 * theta_e , phi=phi_e )

The reversion of the incorrectly flipped bit, explained in Section 5.3 is again corrected
with a simple CNOT gate controlled on the first qubit and effected on the second.

1 program += CNOT(0 , 1)

Each of the three qubits are measured, with the results stored in the the classical
registers:

1 program += MEASURE(0 , output [ 0 ] )
2 program += MEASURE(1 , output [ 1 ] )
3 program += MEASURE(2 , output [ 2 ] )

The Forest utility function wrap_in_numshots_loop is again called to ensure repetitions
in line with the shots parameter passed to the function. With the repetitions in place, the
program is compiled, run and the results are extracted, normlised, and returned.

1 program . wrap_in_numshots_loop ( shot s )
2 executab l e = qc . compi le ( program )
3 r e s u l t = qc . run ( executab l e )
4 t o t a l s = r e s u l t . sum( ax i s=0) . t o l i s t ( )
5 to ta l_shot s = r e s u l t . sum( )
6 f r e q s = t o t a l s / to ta l_shot s

The full Forest implementation is included in Appendix P.

5.4.1 Results
Simulations were run (n = 4096) using the local Rigetti quantum virtual machine’s (QVM)
server-based simulator on the same inputs, consisting of primes (P ∈ {3, 5}) and remain-
ders (R ∈ {1, 2}), as configured in previous implementations. The results of these simula-
tions conformed to the behaviour of those simulations performed on the Strawberry Fields
and Qiskit implementations which can be observed in Figures 5.3 and 5.4, respectively.
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5.5 Implementation 4: Google Cirq
The final implementation of the Tian et al. circuit was written using Google’s unofficial
Cirq project. Based on a similar superconducting qubit hardware paradigm, this imple-
mentation shares many similarities with the Qiskit and Forest implementations, but was
implemented using a class-based approach.

A three qubit system was initialised using a Cirq LineQubit object, as well an empty
circuit and a simulator to run it on:

1 q0 , q1 , q2 = c i r q . LineQubit . range (3 )
2 c i r c u i t = c i r q . C i r cu i t ( )
3 s imu la tor = c i r q . S imulator ( )

The requisite angles were computed based on the prime and remainder parameters:
1 theta_c , theta_e , phi_c , phi_e = get_angles ( prime , remainder )

The first qubit was initialised in the |1⟩ state by rotating its state vector π radians
about the y-axis:

1 c i r c u i t . append ( [ ry ( p i ) . on ( q0 ) ] )

A set of gates equivalent to a beam splitter gate (in photonics) was created with a
utility function bs. The logic behind this combination is explained in detail in Section 5.3

1 de f bs ( c i r c u i t : c i r q . C i rcu i t ,
2 q0 : c i r q . LineQubit ,
3 q1 : c i r q . LineQubit ,
4 theta : f l o a t = np . pi ,
5 phi : f l o a t = np . p i ) -> None :
6 c i r c u i t . append ( [ ry ( theta ) . on ( q1 ) . contro l l ed_by ( q0 ) ,
7 rz ( phi ) . on ( q1 ) . contro l l ed_by ( q0 ) ,
8 CX(q1 , q0 ) ] )
9 bs ( c i r c u i t , q0 , q1 , theta=2 * theta_e , phi=phi_e )

A second bs combination was used to simulate the behaviour of the Uc block described
by Tian et al. and utilised once per input character:

1 f o r _ in range ( l en ( input_str ing ) ) :
2 bs ( c i r c u i t , q1 , q2 , theta=2 * theta_c , phi=0)

The reversed bsd combination was then used to replicate the behaviour of the U †
e

block:
1 de f bsd ( c i r c u i t : c i r q . C i r cu i t ,
2 q0 : c i r q . LineQubit ,
3 q1 : c i r q . LineQubit ,
4 theta : f l o a t = np . pi ,
5 phi : f l o a t = np . p i ) -> None :
6 c i r c u i t . append ( [CX(q1 , q0 ) ,
7 rz ( phi ) . on ( q1 ) . contro l l ed_by ( q0 ) ,
8 ry ( theta ) . on ( q1 ) . contro l l ed_by ( q0 ) ] )
9 bsd ( c i r c u i t , q1 , q0 , theta=2 * theta_e , phi=phi_e )
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The state flip ambiguity described in Section 5.3 was rectified by the application of
a CNOT gate controlled by the state of the first qubit and acting on the second:

1 c i r c u i t . append ( [CX(q0 , q1 ) ] )

A measurement operation affecting all three qubits in the system was the last gate
to be added to the circuit.

1 c i r c u i t . append (measure_each ( q0 , q1 , q2 ) )

With the circuit complete, experiments can be run and the frequencies of the shots
falling in each state can be gathered and returned:

1 r e s u l t s = s imulator . run ( c i r c u i t , r e p e t i t i o n s=shot s )
2 f r e q s = { s t a t e : sum( va lues . f l a t t e n ( ) . t o l i s t ( ) ) / shot s
3 f o r s ta te , va lue s in r e s u l t s . measurements . i tems ( ) }
4 re turn [ f r e q s [ key ] f o r key in so r t ed ( f r e q s . keys ( ) ) ]

The full Cirq implementation of Tian et al. has been made available in Appendix Q.

5.5.1 Results
The results of (n = 4096) simulations run on this implementation of Tian et al. using the
same configuration settings and test inputs produced results identical to those obtained by
simulations on the Strawberry Fields, Qiskit, and Forest implementations. These results
are observable in Figures 5.3 and 5.4. As previously explained it was not possible to gather
experimental hardware results due to a lack of access to the Cirq-compatible hardware
platform maintained by Google.
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Discussion & Conclusions

These twelve implementations across three studies provide a number of insights into the
feasibility of implementing quantum finite state automata on general-purpose quantum
computers and their utility as abstractions for problem solving. The results of simulations
conducted on the circuits produced by Study 1 and Study 2 affirm the previously only
theoretical advantages of QFA proposed by Say & Yakaryılmaz [2] in terms of state reduc-
tion and the ability to recognise exclusive stochastic languages. These advantages were
similarly borne out by the experiments run on IBM’s 16-qubit general-purpose quantum
computer in Melbourne, albeit not without some caveats.

The effect of noise in the system had a varying level of effect on each of the three
studies. Study 1 found that roughly 5% of odd j samples were misidentified as being even,
but the redundancy built into the design of the EVENODD problem made it quite evident
(based on the preponderance of samples) that these inputs should be identified as odd.
Similarly, Study 2 also suffered from the effects of noise, but the probabilistic nature of
the interpretation of results made the level of noise observed acceptable. In both cases,
a noise threshold of 5% - 10% would ensure that the correct results are accepted without
an undue level of risk of false positives.

This issue of noise was compounded with the application of multiple qubits in the
attempt to replicate the qutrit-based system used in the Tian et al. hardware implemen-
tation [3]. The effect of “missing samples” caused by the combination of noise and the
hidden states resulting from the qutrit implementation meant that an unacceptable level
of noise was observed, some configurations “losing” up to 50% of samples to these hidden
states. This diverged starkly from both the results reported by Tian et al. (roughly 1%
error) and the simulations conducted across the four platforms, which aligned with Tian
et al. [3]. These issues are not addressable by a simple noise threshold. Some alternatives
for combating this issue might include the further reduction of hardware noise through,
for example, advances in quantum error correcting codes, or exploration of different al-
ternatives for implementation of higher-dimensional quantum state objects.

The current generation of quantum computers, appropriately named “Noisy Intermediate-
Scale Quantum Computers,” or NISQ devices, are defined by the presence of this noise
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and some researchers have found ways to harness their power despite it [33]. Studies 1
and 2 add to this work in providing models that function regardless of the presence of
this level of noise. Study 3 and the implementation of the multi-qubit prime-remainder
circuit may be forced to await the further development of less noisy hardware. Analysis
has shown that, as in classical computing [34], there exist techniques for the development
of systems with arbitrarily low noise from noisy constituent components [20], [35]. These
advances may prove the key to the feasibility of multi-qubit quantum finite automata.

In addition to the noise inherent in NISQ-based systems, another form of potential
error was identified as a result of these studies, which has been termed “rotational at-
rophy.” This variety of error results from the rotation about the Bloch sphere’s various
axes and is the result of two systematic issues. The first is the imprecision inherent in
effecting these rotations given the available hardware, even for narrowly defined θ or ϕ
values. This form of error is largely indistinguishable from the general noise of the system
described above, but its effects can be compounded by the types of repeated applications
required of QFA. The second component is simple rounding error, which builds up in the
same way and could feasibly, with enough rotations, lead to an incorrect determination.
An example of the implications of this is shown when the irrational multiple of π utilised
in Study 2, when applied enough times, with enough imprecision, could potentially fall on
the |0⟩ state, indicating that |w|a = |w|b when in fact the input word consisted only of a
single character. An exploratory study into the impacts of this kind of noise and its effects
on the operation of QFA (e.g. at for large problem sizes) is warranted and necessary if
they are to act as components of a general-purpose quantum computing toolkit.

6.1 Future Research Directions
While a number of platforms were utilised in these studies only one provided access to
actual quantum hardware in a time frame that allowed for experiments to be conducted.
Late stage access to the Amazon Braket platform came too late to be incorporated into
these studies given the overhead involved in rewriting the circuits using the Braket Python
library. However, future studies could utilise this platform to access Rigetti’s supercon-
ducting quantum computers as well as other platforms based on other hardware paradigms
like D-Wave (quantum annealer-based superconducting qubits) or IonQ (trapped ions)
[36].

One of the most frustrating parts of the implementation of these studies across the
four platforms was how much repetition was involved and how minute differences in
nomenclature between providers could result in days spent finding bugs. In order to
facilitate comparative studies like that described above, an overarching, Python-based
software library with a single, consistent syntax capable of instantiating circuits and
running simulations and experiments on each platform is suggested. This library, while
potentially difficult to maintain over frequently changing APIs from each of the vendors,
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would facilitate far easier comparative testing, potentially even identifying which plat-
forms outperform others for particular applications. While some platforms like Cirq and
Forest support compilation to intermediate assembly languages, and others like Braket
support multiple platforms and even different hardware paradigms, these are still limited
in their coverage and typically closely coupled with with a proprietary (and paid) system
(Braket) or operate on a narrowly defined domain (Xanadu’s Penny Lane is targeted at
Quantum Machine Learning). Because of the universality of the physical phenomena un-
derlying each implementation of quantum hardware there should be a way to map the
functionality (state) and operations (gates) between all platforms.

A system like that described above would also facilitate further expansion of the type
of research into porting classical automata to quantum systems. Efforts have already been
made at the theoretical level to support more sophisticated computing abstractions (e.g.
[1]) and the ability to test the efficacy of these on the various hardware implementations
would serve to shorten the feedback loop in the efforts to develop an intuitive model of
general-purpose problem solving with quantum computers.

This lack of intuition is currently one of the biggest shortcomings in understanding
how the potentially substantial power of quantum computers can be harnessed. Examples
to date tend to rely on particularly clever but narrowly applicable phenomena, like the
remarkable use of irrational periodic functions in Study 2. What is required is a collec-
tion of generalised, actionable tools that require less specific intuitive understanding of
the underlying physical phenomena. This fundamentally necessary process of continued
abstraction is analogous to the development of classical computing over the past seventy
years.

Only as this process of abstraction evolves will it be possible to tackle general-purpose,
or real-world, problems. All of experiments demonstrated here were based on reasonably
trivial problems that already have classical solutions, but this study has shown that quan-
tum computers, under the right circumstances, have the potential to improve markedly
any available classical solutions.
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Appendix A

Common Utilities for EVENODD
Implementations

1 import os
2 from typing import Ca l lab le , L i s t
3

4 from PIL import Image
5 from matp lo t l i b import pyplot as p l t
6 from numpy import p i
7

8

9 de f get_theta (k : i n t ) -> f l o a t :
10 re turn p i / (2 ** (k + 1) )
11

12

13 de f produce_graph (
14 name : s t r , k : int , j s : L i s t [ i n t ] , run_experiment : Ca l lab l e , bar_width :

i n t = 1
15 ) -> None :
16 r e s u l t s = [ run_experiment (k=k , j=j ) f o r j in j s ]
17

18 # X- Axis Values
19 count = len ( j s ) + 1
20 s t a r t = [ 0 , count ]
21 x_axis_values = [
22 s t a r t ,
23 ]
24 f o r _ in j s [ 1 : ] :
25 x_axis_values . append ( [ x + bar_width f o r x in x_axis_values [ - 1 ] ] )
26

27 # Plot groups by input l ength
28 c o l o r s = [ ”#FFCCCC” , ”#CCCCFF” , ”#FF9999” , ”#9999FF” , ”#FF6666” , ”#6666

FF” ]
29 f o r index , x_axis_value in enumerate ( x_axis_values ) :
30 p l t . bar (
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31 x_axis_value ,
32 he ight=r e s u l t s [ index ] ,
33 c o l o r=c o l o r s [ index ] ,
34 l a b e l=f ”{ j s [ index ] } ” ,
35 )
36

37 # Add f l o u r i s h e s
38 # pl t . s u p t i t l e ( r f ”$\mathbf{{k = {k}}}\$ ”)
39 p l t . s u p t i t l e ( r f ”$\mathbf{{k = {k}}}$” , f o n t s i z e =20)
40 p l t . x l ab e l ( ” Fina l State ” , fontwe ight=” bold ” , f o n t s i z e =16, l abe lpad =-10)
41 t ick_space = 2 .5 i f count == 7 e l s e 1 . 5
42 p l t . x t i c k s (
43 [ t i ck_space + count * r f o r r in range ( l en ( r e s u l t s [ 0 ] ) ) ] ,
44 [ r ”$ | 0\ rang l e$ ” , r ”$ |1\ rang l e$ ” ] ,
45 f o n t s i z e =14,
46 )
47 p l t . yl im ( [ 0 , 1 ] )
48 p l t . tick_params ( l a b e l s i z e =14)
49 p l t . y l ab e l ( ”Normalised Frequency ” , fontwe ight=” bold ” , f o n t s i z e =16)
50 p l t . l egend ( f o n t s i z e =14)
51

52 # Save and c l e a r
53 # pl t . show ( )
54 p l t . s a v e f i g ( f ”{name} . png” )
55 p l t . c l f ( )
56

57

58 de f run_evenodd ( run_experiment : Ca l l ab l e ) :
59 produce_graph (name=”1” , run_experiment=run_experiment , k=1, j s =[1 , 2 ,

3 , 4 , 5 , 6 ] )
60 produce_graph (name=”2” , run_experiment=run_experiment , k=2, j s =[1 , 2 ,

3 , 4 , 5 , 6 ] )
61 produce_graph (name=”3” , run_experiment=run_experiment , k=3, j s =[1 , 2 ,

3 , 4 , 5 , 6 ] )
62 produce_graph (name=”4” , run_experiment=run_experiment , k=4, j s =[1 , 2 ,

3 , 4 , 5 , 6 ] )
63

64 # Combine graphs
65

66 f i l e s = [ ” 1 . png” , ” 2 . png” , ” 3 . png” , ” 4 . png” ]
67

68 r e s u l t = Image . new( ”RGB” , (1280 , 960) )
69

70 f o r index , f i l e in enumerate ( f i l e s ) :
71 path = os . path . expanduser ( f i l e )
72 img = Image . open ( path )
73 img . thumbnail ( (640 , 480) , Image .ANTIALIAS)
74 x = index // 2 * 640
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75 y = index % 2 * 480
76 w, h = img . s i z e
77 r e s u l t . paste ( img , (x , y , x + w, y + h) )
78

79 r e s u l t . save ( os . path . expanduser ( ” combined . png” ) )

Listing A.1: Common Utilities for EVENODD Implementations



Appendix B

Strawberry Fields Implementation of
EVENODD

1 from s t r awb e r r y f i e l d s . ops import *
2 import s t r awb e r r y f i e l d s as s f
3 from typing import L i s t
4 from path l i b import Path
5 from fun c t o o l s import p a r t i a l
6

7 from s r c . evenodd . u t i l s . common import get_theta , run_evenodd
8

9

10 de f run_experiment (k : int , j : int , s imu la t i on : bool = True , shot s =4096) ->
L i s t [ f l o a t ] :

11 program = s f . Program (2)
12 eng ine = s f . Engine ( ” fock ” , backend_options={” cutoff_dim” : 2})
13

14 input_str ing = ”a” * j * (2**k )
15 theta = get_theta (k )
16 l ength = len ( input_str ing )
17

18 with program . context as q :
19 Fock (1 ) | q [ 0 ]
20 Vacuum( ) | q [ 1 ]
21

22 f o r _ in input_str ing :
23 BSgate ( theta ) | ( q [ 0 ] , q [ 1 ] )
24

25 r e s u l t = engine . run ( program , shot s=shot s )
26 s t a t e = r e s u l t . s t a t e
27 probs = [
28 round ( abs ( s t a t e . mean_photon (0 ) [ 0 ] ) , 4) ,
29 round ( abs ( s t a t e . mean_photon (1 ) [ 0 ] ) , 4) ,
30 ]
31
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32 f o rmatted_resu l t s = (
33 f ”L : { l ength } , k : { k} , j : { j } , Probs : { probs } , ”
34 f ” Shots : { shot s } , Expected : { bool ( j % 2 == 0) } , ”
35 f ”Got : { bool ( probs [ 0 ] == 1 . 0 ) } \n”
36 )
37

38 pr in t ( formatted_resu l t s , end=”” )
39

40 with open ( ” r e s u l t s / s imu la t i on /evenodd - s f . l og ” , ”a+” ) as l og :
41 l og . wr i t e ( fo rmatted_resu l t s )
42

43 re turn probs
44

45

46 i f __name__ == ”__main__” :
47 Path ( ” r e s u l t s / s imu la t i on /evenodd - s f . l og ” ) . un l ink ( missing_ok=True )
48 run_evenodd ( p a r t i a l ( run_experiment , s imu la t i on=True ) )

Listing B.1: Strawberry Fields Implementation of EVENODD
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IBM Qiskit Implementation of
EVENODD

1 from fun c t o o l s import p a r t i a l
2 from os import envi ron
3 from path l i b import Path
4 from typing import L i s t
5

6 from q i s k i t import QuantumCircuit , Aer , execute , IBMQ
7

8 from s r c . evenodd . u t i l s . common import get_theta , run_evenodd
9

10

11 de f run_experiment (k : int , j : int , s imu la t i on : bool = True , shot s =4096) ->
L i s t [ f l o a t ] :

12 c i r c u i t = QuantumCircuit (1 , 1)
13

14 input_str ing = ”a” * j * (2**k )
15 theta = get_theta (k )
16 l ength = len ( input_str ing )
17

18 i f s imu la t i on :
19 backend = Aer . get_backend ( ”qasm_simulator ” )
20 e l s e :
21 prov ide r = IBMQ. get_provider ( group=”open” , p r o j e c t=”main” )
22 backend = prov ide r . get_backend ( ” ibmq_16_melbourne” )
23

24 f o r _ in input_str ing :
25 c i r c u i t . ry ( theta * 2 , 0)
26

27 c i r c u i t . measure (0 , 0)
28 job = execute ( c i r c u i t , backend , shot s=shot s )
29 r e s u l t = job . r e s u l t ( )
30 counts = r e s u l t . get_counts ( c i r c u i t )
31 s t a t e s = [ ”0” , ”1” ]
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32 probs = [ counts . get ( s ta te , 0) / shot s f o r s t a t e in s t a t e s ]
33 f o rmatted_resu l t s = (
34 f ”L : { l ength } , k : { k} , j : { j } , Probs : { probs } , ”
35 f ” Shots : { shot s } , Expected : { bool ( j % 2 == 0) } , ”
36 f ”Got : { bool ( probs [ 0 ] == 1 . 0 ) } \n”
37 )
38

39 pr in t ( formatted_resu l t s , end=”” )
40

41 with open ( ” r e s u l t s /2/ evenodd - q i s k i t . l og ” , ”a+” ) as l og :
42 l og . wr i t e ( fo rmatted_resu l t s )
43

44 re turn probs
45

46

47 i f __name__ == ”__main__” :
48 IBMQ. enable_account ( token=environ . get ( ”QISKIT_API_KEY” ) )
49 Path ( ” r e s u l t s /2/ evenodd - q i s k i t . l og ” ) . un l ink ( missing_ok=True )
50 run_evenodd ( p a r t i a l ( run_experiment , s imu la t i on=False ) )

Listing C.1: IBM Implementation of EVENODD
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Rigetti Forest Implementation of
EVENODD

1 from fun c t o o l s import p a r t i a l
2 from path l i b import Path
3 from typing import L i s t
4

5 from pyqu i l import Program , get_qc
6 from pyqu i l . ga te s import *
7

8 from s r c . evenodd . u t i l s . common import get_theta , run_evenodd
9

10

11 de f run_experiment (k : int , j : int , s imu la t i on : bool = True , shot s =4096) ->
L i s t [ f l o a t ] :

12 qc = get_qc ( ”1q -qvm” )
13 program = Program ( )
14 output = program . de c l a r e ( ” ro ” , ”BIT” , 1)
15

16 theta = get_theta (k )
17 input_str ing = ”a” * j * (2**k )
18 l ength = len ( input_str ing )
19

20 f o r _ in input_str ing :
21 program += RY( theta * 2 , 0)
22

23 program += MEASURE(0 , output [ 0 ] )
24 program . wrap_in_numshots_loop ( shot s )
25 executab l e = qc . compi le ( program )
26 r e s u l t = qc . run ( executab l e )
27 t o t a l s = r e s u l t . f l a t t e n ( ) . t o l i s t ( )
28 probs = [ t o t a l s . count (0 ) / shots , t o t a l s . count (1 ) / shot s ]
29

30 f o rmatted_resu l t s = (
31 f ”L : { l ength } , k : { k} , j : { j } , Probs : { probs } , ”
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32 f ” Shots : { shot s } , Expected : { bool ( j % 2 == 0) } , ”
33 f ”Got : { bool ( probs [ 0 ] == 1 . 0 ) } \n”
34 )
35

36 pr in t ( formatted_resu l t s , end=”” )
37

38 with open ( ” r e s u l t s / s imu la t i on /evenodd - f o r e s t . l og ” , ”a+” ) as l og :
39 l og . wr i t e ( fo rmatted_resu l t s )
40

41 re turn probs
42

43

44 i f __name__ == ”__main__” :
45 Path ( ” r e s u l t s / s imu la t i on /evenodd - f o r e s t . l og ” ) . un l ink ( missing_ok=True )
46 run_evenodd ( p a r t i a l ( run_experiment , s imu la t i on=True ) )

Listing D.1: Forest Implementation of EVENODD
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Cirq Implementation of EVENODD

1 from fun c t o o l s import p a r t i a l
2 from typing import L i s t
3

4 import c i r q
5 from c i r q . ops import ry , measure_each , NamedQubit
6

7 from s r c . evenodd . u t i l s . common import get_theta , run_evenodd
8

9

10 de f run_experiment (k : int , j : int , s imu la t i on : bool = True , shot s =4096) ->
L i s t [ f l o a t ] :

11 q0 = NamedQubit ( ” source ” )
12 c i r c u i t = c i r q . C i r cu i t ( )
13 s imu la tor = c i r q . S imulator ( )
14

15 input_str ing = ”a” * j * (2**k )
16 theta = get_theta (k )
17 l ength = len ( input_str ing )
18

19 f o r _ in input_str ing :
20 c i r c u i t . append ( [ ry ( theta * 2) . on ( q0 ) ] )
21

22 c i r c u i t . append (measure_each ( q0 ) )
23

24 r e s u l t s = s imulator . run ( c i r c u i t , r e p e t i t i o n s=shot s )
25 r e s u l t s = sum( r e s u l t s . measurements . va lue s ( ) ) . t o l i s t ( )
26 probs = [ r e s u l t s . count ( [ 0 ] ) / shots , r e s u l t s . count ( [ 1 ] ) / shot s ]
27

28 f o rmatted_resu l t s = (
29 f ”L : { l ength } , k : { k} , j : { j } , Probs : { probs } , ”
30 f ” Shots : { shot s } , Expected : { bool ( j % 2 == 0) } , ”
31 f ”Got : { bool ( probs [ 0 ] == 1 . 0 ) } \n”
32 )
33
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34 pr in t ( formatted_resu l t s , end=”” )
35

36 with open ( ” r e s u l t s / s imu la t i on /evenodd - c i r q . l og ” , ”a+” ) as l og :
37 l og . wr i t e ( fo rmatted_resu l t s )
38

39 re turn probs
40

41

42 i f __name__ == ”__main__” :
43 run_evenodd ( p a r t i a l ( run_experiment , s imu la t i on=True ) )

Listing E.1: Cirq Implementation of EVENODD
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Common Utilities & Execution
Harness for NEQ Implementations

1 import os
2 from random import s h u f f l e
3 from typing import Ca l lab le , L i s t , Tuple
4

5 import numpy as np
6 from PIL import Image
7 from numpy import p i
8 from matp lo t l i b import pyplot as p l t
9

10

11 de f get_theta ( ) -> f l o a t :
12 re turn np . sq r t (2 ) * p i
13

14

15 de f get_input ( a : int , b : i n t ) -> Tuple [ s t r , i n t ] :
16 input_chars = l i s t ( ”a” * a + ”b” * b)
17 s h u f f l e ( input_chars )
18 input_str ing = ”” . j o i n ( input_chars )
19 l ength = len ( input_str ing )
20 re turn input_str ing , l ength
21

22

23 de f produce_graph (
24 name : s t r , a : int , bs : L i s t [ i n t ] , run_experiment : Ca l lab l e , bar_width :

i n t = 1
25 ) -> None :
26 r e s u l t s = [ run_experiment ( a=a , b=b) f o r b in bs ]
27

28 # X- Axis Values
29 count = len ( bs ) + 1
30 s t a r t = [ 0 , count ]
31 x_axis_values = [
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32 s t a r t ,
33 ]
34 f o r _ in bs [ 1 : ] :
35 x_axis_values . append ( [ x + bar_width f o r x in x_axis_values [ - 1 ] ] )
36

37 # Plot groups by input l ength
38 c o l o r s = [ ”#CCCCFF” , ”#9999FF” , ”#6666FF” , ”#3333FF” , ”#0000FF” , ”#0000

E5” ]
39

40 f o r index , x_axis_value in enumerate ( x_axis_values ) :
41 p l t . bar (
42 x_axis_value ,
43 he ight=r e s u l t s [ index ] ,
44 c o l o r=c o l o r s [ index ] i f r e s u l t s [ index ] [ 0 ] < 0 .96 e l s e ”#FF0000” ,
45 l a b e l=f ”{bs [ index ] } ” ,
46 )
47

48 # Add f l o u r i s h e s
49 # pl t . s u p t i t l e ( r f ”$\mathbf{{k = {k}}}\$ ”)
50 p l t . s u p t i t l e ( r f ”$\mathbf{{a = {a}}}$” , f o n t s i z e =20)
51 p l t . x l ab e l ( ” Fina l State ” , fontwe ight=” bold ” , f o n t s i z e =16, l abe lpad =-10)
52 t ick_space = 2 .5 i f count == 7 e l s e 1 . 5
53 p l t . x t i c k s (
54 [ t i ck_space + count * r f o r r in range ( l en ( r e s u l t s [ 0 ] ) ) ] ,
55 [ r ”$ | 0\ rang l e$ ” , r ”$ |1\ rang l e$ ” ] ,
56 )
57 p l t . yl im ( [ 0 , 1 ] )
58 p l t . tick_params ( l a b e l s i z e =14)
59 p l t . y l ab e l ( ”Normalised Frequency ” , fontwe ight=” bold ” , f o n t s i z e =16)
60 p l t . l egend ( f o n t s i z e =14)
61

62 # Save and c l e a r
63 # pl t . show ( )
64 p l t . s a v e f i g ( f ”{name} . png” )
65 p l t . c l f ( )
66

67

68 de f run_neq ( run_experiment : Ca l l ab l e ) :
69 produce_graph (name=”1” , run_experiment=run_experiment , a=1, bs=[1 , 2 ,

3 , 4 , 5 , 6 ] )
70 produce_graph (name=”2” , run_experiment=run_experiment , a=2, bs=[1 , 2 ,

3 , 4 , 5 , 6 ] )
71 produce_graph (name=”3” , run_experiment=run_experiment , a=3, bs=[1 , 2 ,

3 , 4 , 5 , 6 ] )
72 produce_graph (name=”4” , run_experiment=run_experiment , a=4, bs=[1 , 2 ,

3 , 4 , 5 , 6 ] )
73

74 # Combine graphs
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75

76 f i l e s = [ ” 1 . png” , ” 2 . png” , ” 3 . png” , ” 4 . png” ]
77

78 r e s u l t = Image . new( ”RGB” , (1280 , 960) )
79

80 f o r index , f i l e in enumerate ( f i l e s ) :
81 path = os . path . expanduser ( f i l e )
82 img = Image . open ( path )
83 img . thumbnail ( (640 , 480) , Image .ANTIALIAS)
84 x = index // 2 * 640
85 y = index % 2 * 480
86 w, h = img . s i z e
87 r e s u l t . paste ( img , (x , y , x + w, y + h) )
88

89 r e s u l t . save ( os . path . expanduser ( ” combined . png” ) )

Listing F.1: Common Utilities for NEQ Implementations
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Strawberry Fields Implementation of
NEQ

1 from fun c t o o l s import p a r t i a l
2 from path l i b import Path
3 from typing import L i s t
4 from random import s h u f f l e
5

6 from s t r awb e r r y f i e l d s . ops import *
7 import s t r awb e r r y f i e l d s as s f
8

9 from s r c . neq . u t i l s . common import run_neq , get_theta , get_input
10

11

12 de f run_experiment ( a : int , b : int , s imu la t i on=True , shot s =4096) -> L i s t [
f l o a t ] :

13 program = s f . Program (2)
14 eng ine = s f . Engine ( ” fock ” , backend_options={” cutoff_dim” : 2})
15

16 theta = get_theta ( )
17 input_str ing , l ength = get_input (a , b )
18

19 with program . context as q :
20 Fock (1 ) | q [ 0 ]
21 Vacuum( ) | q [ 1 ]
22

23 f o r char in input_str ing :
24 i f char == ”a” :
25 BSgate ( theta ) | ( q [ 0 ] , q [ 1 ] )
26 e l i f char == ”b” :
27 BSgate ( - theta ) | ( q [ 0 ] , q [ 1 ] )
28 e l s e :
29 r a i s e NotImplementedError
30

31 r e s u l t = engine . run ( program , shot s=shot s )
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32 s t a t e = r e s u l t . s t a t e
33 probs = [
34 round ( abs ( s t a t e . mean_photon (0 ) [ 0 ] ) , 4) ,
35 round ( abs ( s t a t e . mean_photon (1 ) [ 0 ] ) , 4) ,
36 ]
37

38 f o rmatted_resu l t s = (
39 f ”L : { l ength } , a : { a } , b : { b} , Probs : { probs } , ”
40 f ” Shots : { shot s } , Expected : { bool ( a != b) } , ”
41 f ”Got : { bool ( probs [ 0 ] == 1 . 0 ) } \n”
42 )
43

44 pr in t ( formatted_resu l t s , end=”” )
45

46 with open ( ” r e s u l t s / s imu la t i on /neq - s f . l og ” , ”a+” ) as l og :
47 l og . wr i t e ( fo rmatted_resu l t s )
48

49 re turn probs
50

51

52 i f __name__ == ”__main__” :
53 Path ( ” r e s u l t s / s imu la t i on /neq - s f . l og ” ) . un l ink ( missing_ok=True )
54 run_neq ( p a r t i a l ( run_experiment , s imu la t i on=True ) )

Listing G.1: Strawberry Fields Implementation of NEQ
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IBM Qiskit Implementation of NEQ

1 from fun c t o o l s import p a r t i a l
2 from os import envi ron
3 from path l i b import Path
4 from typing import L i s t
5 from random import s h u f f l e
6

7 from q i s k i t import QuantumCircuit , Aer , execute , IBMQ
8

9 from s r c . neq . u t i l s . common import run_neq , get_theta , get_input
10

11

12 de f run_experiment ( a : int , b : int , s imu la t i on=True , shot s =4096) -> L i s t [
f l o a t ] :

13 c i r c u i t = QuantumCircuit (1 , 1)
14 i f s imu la t i on :
15 backend = Aer . get_backend ( ”qasm_simulator ” )
16 e l s e :
17 prov ide r = IBMQ. get_provider ( group=”open” , p r o j e c t=”main” )
18 backend = prov ide r . get_backend ( ” ibmq_ourense ” )
19

20 theta = get_theta ( )
21 input_str ing , l ength = get_input (a , b )
22

23 # ro t a t i o n s = length // (2 ** k )
24 f o r char in input_str ing :
25 i f char == ”a” :
26 c i r c u i t . ry ( theta * 2 , 0)
27 e l i f char == ”b” :
28 c i r c u i t . ry ( - theta * 2 , 0)
29 e l s e :
30 r a i s e NotImplementedError
31

32 c i r c u i t . measure (0 , 0)
33
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34 job = execute ( c i r c u i t , backend , shot s=shot s )
35 r e s u l t = job . r e s u l t ( )
36 counts = r e s u l t . get_counts ( c i r c u i t )
37 s t a t e s = [ ”0” , ”1” ]
38 probs = [ counts . get ( s ta te , 0) / shot s f o r s t a t e in s t a t e s ]
39 f o rmatted_resu l t s = (
40 f ”L : { l ength } , a : { a } , b : { b} , Probs : { probs } , ”
41 f ” Shots : { shot s } , Expected : { bool ( a != b) } , ”
42 f ”Got : { bool ( probs [ 0 ] == 1 . 0 ) } \n”
43 )
44

45 pr in t ( formatted_resu l t s , end=”” )
46

47 with open ( ” r e s u l t s /2/neq - q i s k i t . l og ” , ”a+” ) as l og :
48 l og . wr i t e ( fo rmatted_resu l t s )
49

50 re turn probs
51

52

53 i f __name__ == ”__main__” :
54 IBMQ. enable_account ( token=environ . get ( ”QISKIT_API_KEY” ) )
55 Path ( ”evenodd - q i s k i t . l og ” ) . un l ink ( missing_ok=True )
56 run_neq ( p a r t i a l ( run_experiment , s imu la t i on=False ) )

Listing H.1: IBM Qiskit Implementation of NEQ
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Rigetti Forest Implementation of
NEQ

1 from fun c t o o l s import p a r t i a l
2 from path l i b import Path
3 from random import s h u f f l e
4 from typing import L i s t
5

6 from pyqu i l import Program , get_qc
7 from pyqu i l . ga te s import *
8

9 from s r c . neq . u t i l s . common import get_theta , run_neq , get_input
10

11

12 de f run_experiment ( a : int , b : int , s imu la t i on : bool = True , shot s =4096) ->
L i s t [ f l o a t ] :

13 c i r c u i t = get_qc ( ”1q -qvm” )
14 program = Program ( )
15 output = program . de c l a r e ( ” ro ” , ”BIT” , 1)
16

17 theta = get_theta ( )
18 input_str ing , l ength = get_input (a , b )
19

20 f o r char in input_str ing :
21 i f char == ”a” :
22 program += RY( theta * 2 , 0)
23 e l i f char == ”b” :
24 program += RY( - theta * 2 , 0)
25 e l s e :
26 r a i s e NotImplementedError
27

28 program += MEASURE(0 , output [ 0 ] )
29

30 program . wrap_in_numshots_loop ( shot s )
31 executab l e = c i r c u i t . compi le ( program )
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32 r e s u l t = c i r c u i t . run ( executab l e )
33 t o t a l s = r e s u l t . f l a t t e n ( ) . t o l i s t ( )
34 probs = [ t o t a l s . count (0 ) / shots , t o t a l s . count (1 ) / shot s ]
35

36 f o rmatted_resu l t s = (
37 f ”L : { l ength } , a : { a } , b : { b} , Probs : { probs } , ”
38 f ” Shots : { shot s } , Expected : { bool ( a != b) } , ”
39 f ”Got : { bool ( probs [ 0 ] == 1 . 0 ) } \n”
40 )
41

42 pr in t ( formatted_resu l t s , end=”” )
43

44 with open ( ” r e s u l t s / s imu la t i on /neq - f o r e s t . l og ” , ”a+” ) as l og :
45 l og . wr i t e ( fo rmatted_resu l t s )
46

47 re turn probs
48

49

50 i f __name__ == ”__main__” :
51 Path ( ” r e s u l t s / s imu la t i on /neq - f o r e s t . l og ” ) . un l ink ( missing_ok=True )
52 run_neq ( p a r t i a l ( run_experiment ) )

Listing I.1: Rigetti Forest Implementation of NEQ
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Cirq Implementation of NEQ

1 from fun c t o o l s import p a r t i a l
2 from random import s h u f f l e
3 from typing import L i s t
4

5 import c i r q
6 from c i r q . ops import ry , measure_each , NamedQubit
7

8 from s r c . neq . u t i l s . common import run_neq , get_theta , get_input
9

10

11 de f run_experiment ( a : int , b : int , s imu la t i on=True , shot s =4096) :
12 q0 = NamedQubit ( ” source ” )
13 s imu la tor = c i r q . S imulator ( )
14 c i r c u i t = c i r q . C i r cu i t ( )
15

16 theta = get_theta ( )
17 input_str ing , l ength = get_input (a , b )
18

19 f o r char in input_str ing :
20 i f char == ”a” :
21 c i r c u i t . append ( [ ry ( theta * 2) . on ( q0 ) ] )
22 e l i f char == ”b” :
23 c i r c u i t . append ( [ ry ( - theta * 2) . on ( q0 ) ] )
24 e l s e :
25 r a i s e NotImplementedError
26

27 c i r c u i t . append (measure_each ( q0 ) )
28

29 measurements = s imulator . run ( c i r c u i t , r e p e t i t i o n s=shot s )
30 r e s u l t s = sum(measurements . measurements . va lue s ( ) ) . t o l i s t ( )
31 probs = [ r e s u l t s . count ( [ 0 ] ) / shots , r e s u l t s . count ( [ 1 ] ) / shot s ]
32

33 f o rmatted_resu l t s = (
34 f ”L : { l ength } , a : { a } , b : { b} , Probs : { probs } , ”
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35 f ” Shots : { shot s } , Expected : { bool ( a != b) } , ”
36 f ”Got : { bool ( probs [ 0 ] == 1 . 0 ) } \n”
37 )
38

39 pr in t ( formatted_resu l t s , end=”” )
40

41 with open ( ” r e s u l t s / s imu la t i on /neq - c i r q . l og ” , ”a+” ) as l og :
42 l og . wr i t e ( fo rmatted_resu l t s )
43

44 re turn probs
45

46

47 i f __name__ == ”__main__” :
48 run_neq ( p a r t i a l ( run_experiment , s imu la t i on=True ) )

Listing J.1: Cirq Implementation of NEQ
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Solver for Q

1 import numpy as np
2

3

4 de f get_q ( prime : int , remainder : i n t ) -> in t :
5 i f prime / 4 <= remainder <= 3 * prime / 4 :
6 q = 1
7 e l i f prime / 4 > remainder :
8 q = np . c e i l ( prime / (4 * remainder ) )
9 e l s e :

10 prime = ( prime - remainder ) / remainder
11 j = 1
12 temp_j = j * prime - np . f l o o r ( j * prime )
13 whi le j < 10 :
14 i f 1 / 4 < temp_j or temp_j < 2 / 3 :
15 break
16 j += 1
17 q = np . f l o o r ( prime * ( j + 1 / 4) / remainder ) + 1
18

19 re turn q

Listing K.1: Python Solver for Q in Tian et al. (2019) [3]
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Solver for angles Ue and Uc

1 import numpy as np
2

3

4 de f get_angle_ue ( prime : int , remainder : i n t ) -> f l o a t :
5 q = get_q ( prime , remainder )
6

7 re turn 2 * np . p i * q * remainder / prime
8

9

10 de f get_angle_uc ( prime , remainder ) -> f l o a t :
11 q = get_q ( prime , remainder )
12

13 re turn 2 * np . p i * q / prime

Listing L.1: Python Solver for Q in Tian et al. (2019) [3]
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Common Utilities for Tian et al.
(2019)

1 import os
2 from PIL import Image
3 import numpy as np
4 import matp lo t l i b . pyplot as p l t
5 from typing import Ca l lab le , Tuple , Any
6

7

8 de f get_q ( prime : int , remainder : i n t ) -> in t :
9 # Determine Q

10 i f prime / 4 <= remainder <= 3 * prime / 4 :
11 q = 1
12 e l i f prime / 4 > remainder :
13 q = np . c e i l ( prime / (4 * remainder ) )
14 e l s e :
15 prime = ( prime - remainder ) / remainder
16 j = 1
17 temp_j = j * prime - np . f l o o r ( j * prime )
18 whi le j < 10 :
19 i f 1 / 4 < temp_j or temp_j < 2 / 3 :
20 break
21 j += 1
22 q = np . f l o o r ( prime * ( j + 1 / 4) / remainder ) + 1
23

24 re turn q
25

26

27 de f get_angle_ue ( prime : int , remainder : i n t ) -> f l o a t :
28 q = get_q ( prime , remainder )
29

30 re turn 2 * np . p i * q * remainder / prime
31

32
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33 de f get_angle_uc ( prime , remainder ) -> f l o a t :
34 q = get_q ( prime , remainder )
35

36 re turn 2 * np . p i * q / prime
37

38

39 de f get_angles ( prime : int , remainder : i n t ) -> Tuple [Any , Any , Any , Any ] :
40 # Need to compute c o r r e c t ang l e s f o r Ue
41 theta = get_angle_ue ( prime , remainder )
42 t = np . cos ( theta )
43

44 # add per turbat i on f o r asymptotes
45 t = 1e -10 i f theta == 0 e l s e t
46 t = t + 1e -10 i f theta == 1 e l s e t
47

48 # de f i n e i n i t i a l ang l e s
49 x1 = 1 j * np . sq r t ( t / (1 - t ) + 0 j )
50 x2 = np . sq r t (1 / (1 - t ) + 0 j )
51

52 # For the ang le in Ue we need to d e f i n e i t s l i g h t l y d i f f e r e n t l y
53 theta_e = np . arctan (np . abs ( x2 ) / np . abs ( x1 ) )
54 phi_e = np . ang le ( x2 / x1 )
55

56 # Get ang le f o r Uc
57 theta_c = get_angle_uc ( prime , remainder )
58

59 re turn theta_c , theta_e , 0 , phi_e
60

61

62 de f produce_graph (
63 name : s t r ,
64 run_experiment : Ca l lab le ,
65 bar_width : i n t = 1 ,
66 prime : i n t = 3 ,
67 remainder : i n t = 1 ,
68 l eng th s : tup l e = None ,
69 ) -> None :
70 r e s u l t s = [ run_experiment ( prime , remainder , ”0” * l ength ) f o r l ength in

l eng th s ]
71

72 # X- Axis Values
73 count = len ( l eng th s ) + 1
74 s t a r t = [ 0 , count , count * 2 ]
75 x_axis_values = [
76 s t a r t ,
77 ]
78 f o r _ in l eng th s [ 1 : ] :
79 x_axis_values . append ( [ x + bar_width f o r x in x_axis_values [ - 1 ] ] )
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80

81 # Plot groups by input l ength
82 c o l o r s = [ ”#9DC4E8” , ”#FFC980” , ”#87CE40” , ”#FDFE7F” , ”#7E8004” , ”#

BFBFBF” ]
83 f o r index , x_axis_value in enumerate ( x_axis_values ) :
84 p l t . bar (
85 x_axis_value ,
86 he ight=r e s u l t s [ index ] ,
87 c o l o r=c o l o r s [ index ] ,
88 l a b e l=f ”{ l eng th s [ index ] } ” ,
89 )
90

91 # Add f l o u r i s h e s
92 p l t . s u p t i t l e (
93 r f ”$\mathbf{{n = {prime}k\ , or \ , ” r f ”{prime}k + { remainder }}}$” ,

f o n t s i z e=20
94 )
95 p l t . x l ab e l ( ” Fina l State ” , fontwe ight=” bold ” , f o n t s i z e =16, l abe lpad=-2)
96 t ick_space = 2 .5 i f count == 7 e l s e 1 . 5
97 p l t . x t i c k s (
98 [ t i ck_space + count * r f o r r in range ( l en ( r e s u l t s [ 0 ] ) ) ] ,
99 [ r ”$ | 0\ rang l e$ ” , r ”$ |1\ rang l e$ ” , r ”$ |2\ rang l e$ ” ] ,

100 )
101 p l t . yl im ( [ 0 , 1 ] )
102 p l t . tick_params ( l a b e l s i z e =14)
103 p l t . y l ab e l ( ”Normalised Frequency ” , fontwe ight=” bold ” , f o n t s i z e =16)
104 p l t . l egend ( f o n t s i z e =14)
105

106 # Save and c l e a r
107 # pl t . show ( )
108 p l t . s a v e f i g ( f ”{name} . png” )
109 p l t . c l f ( )
110

111

112 de f run_tian ( run_experiment : Ca l l ab l e ) :
113 produce_graph (
114 name=”a” ,
115 run_experiment=run_experiment ,
116 prime=3,
117 remainder=1,
118 l eng th s =(0 , 1 , 3 , 4 , 6 , 7) ,
119 )
120 produce_graph (
121 name=”b” ,
122 run_experiment=run_experiment ,
123 prime=3,
124 remainder=2,
125 l eng th s =(0 , 2 , 3 , 5) ,
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126 )
127 produce_graph (
128 name=”c” ,
129 run_experiment=run_experiment ,
130 prime=5,
131 remainder=1,
132 l eng th s =(0 , 1 , 5 , 6) ,
133 )
134 produce_graph (
135 name=”d” ,
136 run_experiment=run_experiment ,
137 prime=5,
138 remainder=2,
139 l eng th s =(0 , 2 , 5 , 7) ,
140 )
141

142 # Combine graphs
143

144 f i l e s = [ ”a . png” , ” c . png” , ”b . png” , ”d . png” ]
145

146 r e s u l t = Image . new( ”RGB” , (1280 , 960) )
147

148 f o r index , f i l e in enumerate ( f i l e s ) :
149 path = os . path . expanduser ( f i l e )
150 img = Image . open ( path )
151 img . thumbnail ( (640 , 480) , Image .ANTIALIAS)
152 x = index // 2 * 640
153 y = index % 2 * 480
154 w, h = img . s i z e
155 # pr in t ( ’ pos {0} ,{1} s i z e {2} ,{3} ’ . format (x , y , w, h) )
156 r e s u l t . paste ( img , (x , y , x + w, y + h) )
157

158 r e s u l t . save ( os . path . expanduser ( ” combined . png” ) )

Listing M.1: Common Utilities for Tian et al. (2019) Implementations
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Strawberry Fields Implementation of
Tian et al.

1 from s t r awb e r r y f i e l d s . ops import *
2 import s t r awb e r r y f i e l d s as s f
3 from typing import L i s t
4 from s r c . t i an . u t i l s . common import run_tian , get_angles
5

6

7 de f run_experiment ( prime : int , remainder : int , input_str ing : s t r ) -> L i s t [
f l o a t ] :

8 n_subsystems = 3
9 program = s f . Program( n_subsystems )

10 eng ine = s f . Engine ( ” fock ” , backend_options={” cutoff_dim” : 2})
11

12 # Compute ang l e s
13 theta_c , theta_e , phi_c , phi_e = get_angles ( prime , remainder )
14

15 with program . context as q :
16 Fock (1 ) | q [ 0 ] # Setup channel 0
17 Vacuum( ) | q [ 1 ] # Empty channel 1
18 Vacuum( ) | q [ 2 ] # Empty channel 2
19

20 # Ue
21 BSe = BSgate ( theta_e , phi_e )
22 BSe | ( q [ 0 ] , q [ 1 ] )
23

24 # Uc
25 BSc = BSgate ( theta_c , 0)
26 f o r _ in range ( l en ( input_str ing ) ) : # n app l i c a t i o n s o f Uc
27 BSc | ( q [ 1 ] , q [ 2 ] )
28

29 # Ued
30 BSed = BSgate ( theta_e , - phi_e )
31 BSed | ( q [ 1 ] , q [ 0 ] )
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32

33 r e s u l t = engine . run ( program )
34 s t a t e = r e s u l t . s t a t e
35 probs = [ s t a t e . mean_photon ( i ) [ 0 ] f o r i in range ( n_subsystems ) ]
36

37 pr in t ( l en ( input_str ing ) , probs )
38

39 re turn probs
40

41

42 i f __name__ == ”__main__” :
43 run_tian ( run_experiment )

Listing N.1: Strawberry Fields Implementation of Tian et al. (2019)



Appendix O

IBM Qiskit Implementation of Tian
et al. (2019)

1 import numpy as np
2 from os import envi ron
3 from fun c t o o l s import p a r t i a l
4 from numpy import p i
5 from q i s k i t import QuantumCircuit , Aer , execute , IBMQ
6 from typing import L i s t
7 from s r c . t i an . u t i l s . common import get_angles , run_tian
8

9

10 de f bs ( c i r c u i t , q0 , q1 , theta=np . p i / 2 , phi=0) :
11 # Create BS us ing c on t r o l l e d r o t a t i on and cnot
12 # q0 i s incoming whereas q1 i s outgoing
13 c i r c u i t . cry ( theta , q0 , q1 )
14 c i r c u i t . c r z ( phi , q0 , q1 )
15 c i r c u i t . cx ( q1 , q0 )
16

17

18 de f bsd ( c i r c u i t , q0 , q1 , theta=np . p i / 2 , phi=0) :
19 # Create BS us ing c on t r o l l e d r o t a t i on and cnot
20 # q0 i s incoming whereas q1 i s outgoing
21 c i r c u i t . cx ( q1 , q0 )
22 c i r c u i t . c r z ( phi , q0 , q1 )
23 c i r c u i t . cry ( theta , q0 , q1 )
24

25

26 de f run_experiment (
27 prime : int , remainder : int , input_str ing : s t r , s imu la t i on : bool = True
28 ) -> L i s t [ f l o a t ] :
29 c i r c u i t = QuantumCircuit (3 , 3)
30

31 i f s imu la t i on :
32 backend = Aer . get_backend ( ”qasm_simulator ” )
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33 e l s e :
34 prov ide r = IBMQ. get_provider ( group=”open” , p r o j e c t=”main” )
35 backend = prov ide r . get_backend ( ” ibmq_ourense ” )
36

37 # Def ine FSA params
38 l ength = len ( input_str ing )
39

40 theta_c , theta_e , phi_c , phi_e = get_angles ( prime , remainder )
41

42 # I n i t i a l i s e s t a t e o f f i r s t channel to 1
43 c i r c u i t . ry ( pi , 0)
44

45 # Ue
46 bs ( c i r c u i t , 0 , 1 , theta=2 * theta_e , phi=phi_e )
47

48 # # Uc ^ n
49 bs ( c i r c u i t , 1 , 2 , 2 * theta_c * length , phi=phi_c )
50

51 # Ued
52 bsd ( c i r c u i t , 1 , 0 , theta=2 * theta_e , phi=phi_e )
53

54 # Reverts
55 c i r c u i t . cx (0 , 1)
56

57 c i r c u i t . measure ( range (3 ) , range (3 ) )
58 shot s = 4096
59 job = execute ( c i r c u i t , backend , shot s=shot s )
60 counts = job . r e s u l t ( ) . get_counts ( c i r c u i t )
61 s t a t e s = [ ”001” , ” 010” , ” 100” ]
62 probs = [ counts . get ( s ta te , 0) / shot s f o r s t a t e in s t a t e s ]
63 a l l_probs = {key : va lue / shot s f o r key , va lue in counts . i tems ( ) }
64

65 f o rmatted_resu l t s = (
66 f ”P: {prime } , R: { remainder } , L : { l ength } , Probs : { probs } Al l : {

a l l_probs }\n”
67 )
68

69 pr in t ( formatted_resu l t s , end=”” )
70

71 with open ( ” r e s u l t s /6/ t ian - q i s k i t . l og ” , ”a+” ) as l og :
72 l og . wr i t e ( fo rmatted_resu l t s )
73

74 # c i r c u i t . draw ( output=’mpl ’ , f i l ename=” c i r c u i t . png ”)
75

76 re turn probs
77

78

79 i f __name__ == ”__main__” :
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80 IBMQ. enable_account ( token=environ . get ( ”QISKIT_API_KEY” ) )
81 run_tian ( p a r t i a l ( run_experiment , s imu la t i on=False ) )
82 # run_experiment (3 , 1 , input_str ing =”000000” , s imu la t i on=True )

Listing O.1: IBM Qiskit Implementation of Tian et al. (2019)



Appendix P

Rigetti Forest Implementation of
Tian et al. (2019)

1 from pyqu i l import Program , get_qc
2 from pyqu i l . ga te s import *
3 import numpy as np
4 from numpy import p i
5 from s r c . t i an . u t i l s . common import get_angle_ue , get_angle_uc , run_tian ,

get_angles
6

7

8 de f cry ( program , cont ro l , target , theta ) -> None :
9 program += RY( theta , t a r g e t ) . c o n t r o l l e d ( c on t r o l )

10

11

12 de f c r z ( program , cont ro l , target , phi ) -> None :
13 program += RZ( phi , t a r g e t ) . c o n t r o l l e d ( c on t r o l )
14

15

16 de f bs ( program , q0 , q1 , theta=np . p i / 2 , phi=0) :
17 # Create BS us ing c on t r o l l e d r o t a t i on and cnot
18 # q1 i s incoming whereas q2 i s outgoing
19 cry ( program , q0 , q1 , theta ) # c i r c u i t . cry ( theta , q0 , q1 )
20 c r z ( program , q0 , q1 , phi ) # c i r c u i t . c r z ( phi , q0 , q1 )
21 program += CNOT(q1 , q0 ) # c i r c u i t . cx ( q1 , q0 )
22

23

24 de f bsd ( program , q0 , q1 , theta=np . p i / 2 , phi=0) :
25 # Create BS us ing c on t r o l l e d r o t a t i on and cnot
26 # q1 i s incoming whereas q2 i s outgoing
27 program += CNOT(q1 , q0 )
28 c r z ( program , q0 , q1 , phi )
29 cry ( program , q0 , q1 , theta )
30

31
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32 de f run_experiment ( prime , remainder , input_str ing , shot s =4096) :
33 qc = get_qc ( ”3q -qvm” )
34 program = Program ( )
35 output = program . de c l a r e ( ” ro ” , ”BIT” , 3)
36

37 l ength = len ( input_str ing )
38

39 theta_c , theta_e , phi_c , phi_e = get_angles ( prime , remainder )
40

41 # I n i t i a l i s e s t a t e o f f i r s t channel to 1
42 program += RY( pi , 0)
43

44 # Ue
45 bs ( program , 0 , 1 , theta=2 * theta_e , phi=phi_e )
46

47 # Uc ^ n
48 f o r _ in range ( l ength ) :
49 cry ( program , 1 , 2 , theta_c * 2)
50 program += CNOT(2 , 1)
51

52 # Ued
53 bsd ( program , 1 , 0 , theta=2 * theta_e , phi=phi_e )
54

55 # Revert
56 program += CNOT(0 , 1)
57

58 program += MEASURE(0 , output [ 0 ] )
59 program += MEASURE(1 , output [ 1 ] )
60 program += MEASURE(2 , output [ 2 ] )
61

62 program . wrap_in_numshots_loop ( shot s )
63

64 executab l e = qc . compi le ( program )
65 r e s u l t = qc . run ( executab l e )
66 t o t a l s = r e s u l t . sum( ax i s=0) . t o l i s t ( )
67 to ta l_shot s = r e s u l t . sum( )
68 probs = t o t a l s / to ta l_shot s
69

70 f o rmatted_resu l t s = f ”P: {prime } , R: { remainder } , L : { l ength } , Probs : {
probs }\n”

71

72 pr in t ( formatted_resu l t s , end=”” )
73

74 with open ( ” t ian - q i s k i t . l og ” , ”a+” ) as l og :
75 l og . wr i t e ( fo rmatted_resu l t s )
76

77 re turn probs
78
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79

80 i f __name__ == ”__main__” :
81 run_tian ( run_experiment )

Listing P.1: IBM Qiskit Implementation of Tian et al. (2019)
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Cirq Implementation of Tian et al.
(2019)

1 from typing import L i s t
2

3 import c i r q
4 import numpy as np
5 from c i r q . ops import ry , rz , CX, measure_each
6 from numpy import p i
7

8 from s r c . t i an . u t i l s . common import run_tian , get_angles
9

10

11 de f bs (
12 c i r c u i t : c i r q . C i rcu i t ,
13 q0 : c i r q . LineQubit ,
14 q1 : c i r q . LineQubit ,
15 theta : f l o a t = np . pi ,
16 phi : f l o a t = np . pi ,
17 ) -> None :
18 c i r c u i t . append (
19 [
20 ry ( theta ) . on ( q1 ) . contro l l ed_by ( q0 ) ,
21 rz ( phi ) . on ( q1 ) . contro l l ed_by ( q0 ) ,
22 CX(q1 , q0 ) ,
23 ]
24 )
25

26

27 de f bsd (
28 c i r c u i t : c i r q . C i rcu i t ,
29 q0 : c i r q . LineQubit ,
30 q1 : c i r q . LineQubit ,
31 theta : f l o a t = np . pi ,
32 phi : f l o a t = np . pi ,
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33 ) -> None :
34 c i r c u i t . append (
35 [
36 CX(q1 , q0 ) ,
37 rz ( phi ) . on ( q1 ) . contro l l ed_by ( q0 ) ,
38 ry ( theta ) . on ( q1 ) . contro l l ed_by ( q0 ) ,
39 ]
40 )
41

42

43 c l a s s TianCircu i t :
44 de f __init__( s e l f , prime : int , remainder : int , input_str ing : s t r ) :
45 s e l f . q0 , s e l f . q1 , s e l f . q2 = c i r q . LineQubit . range (3 )
46 s e l f . prime , s e l f . remainder = prime , remainder
47 s e l f . c i r c u i t = s e l f . p r epa r e_c i r cu i t ( prime , remainder , input_str ing )
48 s e l f . s imu la tor = c i r q . S imulator ( )
49

50 de f p r epa r e_c i r cu i t (
51 s e l f , prime : int , remainder : int , input_str ing : s t r
52 ) -> c i r q . C i r cu i t :
53 c i r c u i t = c i r q . C i r cu i t ( )
54 l ength = len ( input_str ing )
55

56 # Need to compute c o r r e c t ang l e s f o r Ue
57 theta_c , theta_e , phi_c , phi_e = get_angles ( prime , remainder )
58

59 # I n i t i a l i s e s t a t e o f f i r s t channel to 1
60 c i r c u i t . append ( [ ry ( p i ) . on ( s e l f . q0 ) ] )
61

62 # Ue
63 bs ( c i r c u i t , s e l f . q0 , s e l f . q1 , theta=2 * theta_e , phi=phi_e )
64

65 # # Uc ^ n
66 bs ( c i r c u i t , s e l f . q1 , s e l f . q2 , theta=2 * length * theta_c , phi=0)
67

68 # Ued
69 bsd ( c i r c u i t , s e l f . q1 , s e l f . q0 , theta=2 * theta_e , phi=phi_e )
70

71 # Revert
72 c i r c u i t . append ( [CX( s e l f . q0 , s e l f . q1 ) ] )
73

74 c i r c u i t . append (measure_each ( s e l f . q0 , s e l f . q1 , s e l f . q2 ) )
75

76 re turn c i r c u i t
77

78 de f run ( s e l f , shot s ) :
79 re turn s e l f . s imu la tor . run ( s e l f . c i r c u i t , r e p e t i t i o n s=shot s )
80
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81

82 de f run_experiment ( prime , remainder , input_str ing , shot s =4096) -> L i s t [
f l o a t ] :

83 c i r c u i t = TianCircu i t ( prime , remainder , input_str ing )
84 r e s u l t s = c i r c u i t . run ( shot s )
85 probs = {
86 s t a t e : sum( va lues . f l a t t e n ( ) . t o l i s t ( ) ) / shot s
87 f o r s ta te , va lue s in r e s u l t s . measurements . i tems ( )
88 }
89 re turn [ probs [ key ] f o r key in so r t ed ( probs . keys ( ) ) ]
90

91

92 i f __name__ == ”__main__” :
93 run_tian ( run_experiment )

Listing Q.1: Cirq Implementation of Tian et al. (2019)
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